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Exercise 3.1

1 Solution
. . A
(a) The locus of a variable point y m
P(x,y) is the ellipse with focus at 2‘/5
\P(x,y) il
S(1,0), directrix m:x=9 and /\ M
: o A
eccentricity ezg. Let M be the ! S0y /3 9 x
foot of the perpendicular from P to
m.Then M has coordinates (9,y).
1 2
PS=e¢-PM = (x—1)* +y* =(§j (x—9)?
xz(l——l-)+ y?=9-1
9
x2 y2
Therefore the Cartesian equation of the ellipse is ) + ry =1.
(b) The locus of a variable point P(x,y) is the 4
m M M
ellipse with focus at S(0,1), directrix m: y =4 and 4
eccentricity e:—;—. Let M be the foot of the
2
. P(x,y)
perpendicular from P to m. Then M has
coordinates (x,4). S(0.1)
PS:e-PM=>x2+(y—l)2=(%) (y—4)* 0 3l x

2 2

1
x+y|l-=|=4-1
o’ 4
y

Therefore the Cartesian equation of the ellipse is % +T =1.
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(¢) The locus of a variable point
P(x,y) is the hyperbola with
focus at S(9,0), directrix
m: x =1 and eccentricity e =3.
Let M be the foot of the
perpendicular from P to m.
Then M has cqordinates (1,y).
PS=e-PM =
(x=92+y?=3"(x-1D*
x*(1-9)+y* =9-8L
Therefore the Cartesian equation

of the hyperbola is

(d) The locus of a variable point
P(x,y) is the hyperbola with
focus at S(0,4), directrix
m:y=1and éccentricity e=2.
Let M be the foot of the
" perpendicular from P to m.
Then M has coordinates (x,1).

PS=e-PM =

X +(y-4)'=2"(y-1’

x*+y*(1-4)=4-16.

Therefore the Cartesian equation

=

X

of the hyperbola is 9;—-— —=1.

12

yA
 5(0,4)
m mml =
1 M
o x
-2
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2 Solution
x2 ¥yt ¥4
(@) o+ =
xX=—-— 4 x ===
3 3
a=5 b= d=b<a /

2 2 2 . e 1 t o
b =a"(1-¢7) -5\ §"(=3,0) O 53,0) /5 x
eccentricity:
e= 1——1—6 _3

"V 25 s —4
foct:

(#ae,0) = (£3,0)
directrices: x = iﬁ = x= i2—5
e 3
2 2
. yA
b LN
(b) 16 25 . Y
a=4,b=5=b>a }’=?
a’> =b*(1-¢€%) 5
eccentricity: e = 1——E —3
y: —1/ 25 5 S5(0,3)
foci: (0,+be) = (0,1£3)
-4 0 4 x=
directrices: y= ié = y= i-23—5
e
L $7(0,-3)
-5
y g _.2_5.
mn 3
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c .
(© 32 x=-3 V2 x=3

a=\/§,b=\/—2—:>b<a

>
=Y

b =a’(1-¢€%) ' 5
eccentricity: e=,/1— 2_1

D 3°h
foci: (£ae,0) = (£1,0)

] ) a
directrices: x=ft—=x =13
e

(d) x2+2y? =4 ‘ yﬂ
| 2 2 X = —2\[2— \/5 x=2\/5
X Yy
._._+_:1
4 2 f
| L [57(=2.0| $H2,0)
ni
a:2,b=\/5:>b<a ) 0 2 >
b =a’(1-¢?) /
. 7 1 5
eccentricity: e=,l-—=—
ViTR
foci: (+ae,0) = (++/2,0)

. . a
directrices; x=t—=x= i2\/-2_
e
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3 Solution

x2 y2
a ——-—=1
@) 9 16
a=3,b=4
b =a’(e’ -1)
.. 16 5
eccentricity: e=.,[l+—=—
9 3
foci: (£ae,0) = (5,0)
. . a 9
directrices: x=t—=x=%—
e 5
asymptotes:
4
y= -_Féx = y=*f—-x
a 3
2 2
(b) Y_X \ " 4
16 9 \\ y= —j',s/
\\ //
a=3b=4 \ S05)
a2 — b2(e2 _ 1) \\\4___///
AN V4
9 5 *\ / _16
eccentricity: e=,/l+—=~— AN / Y= 5
16 4 |/
foci: (0,2be) = (0,£5) 71N oy
701 N
. . b 16 // \\ y= —-1_§
directrices: y=ft—=y= i—s— 7 AN 5
e /4 N
. +a -+ 3 ///__—I , \\
asymptotes: x= _Z—y =>x= _Zy S/ S7(0,-5) \\
/ N
4
4 / __ TN
=)y= ig‘x ‘ Y= 3 X
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2 2

x )
c ———=1
© 2 4
a=+2,b=2
b =a’(e’ - 1)
.. 4
eccentricity: e =,/1+ 5 = \/5
foci: (£ae,0) = (+/6,0) .
x
directrices:
x = ig = x= i\/-a— |
e 3
asymptotes:

yzi-éx:>y=i\/§x
a

(d)_ . .xz-y2=4
S :
4 4
a=2,b=2
bt =a’(e’ —-1)
eccentricity: S SZ\/E ,0)
: ” - x
e=,1+—= \/_2-
4
foci:
(+ae,0) = (£2+/2,0)
y=-x
directrices: \

asymptotes: y=F—x=y==%x
. a
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4 Solution

(a) We have the eccentricity e=-‘51 and the foci (#4,0) of the ellipse

2 2
+

°...‘ =

=1. But the coordinates of the foci are (*ae,0). Therefore a = 4% =5.

u—lw
)

Then b® =a*(1-¢€) = 25-(1 ——;—g) =9 . Hence the Cartesian equation of the ellipse

2 2

is -+ =1,
25 9

(b) We have the eccentricity e=—§- and the directrices x =19 of the ellipse

Z_ + Z— =1. But the directrices have equations x = i%. Therefore a = 9-% =6.
Then > =a*(1-¢€%) = 36-(1 —g—) =20. Hence the Cartesian equation of the ellipse
s 2L
5 Solution

(a) We have the eccentricity e=% and the foci (15,0) of the hyperbola

2 2
x—z—z—z =1. But the coordinates of the foci are (tae,0). Therefore a = 5%— =4,
a
2 z z 25 . .
Then b° =a®(e‘-1)=16- R—l =9. Hence the Cartesian equation of the
2 2
. oX" 0y
hyperbolais ———=1.
yPe 16 9

(b) We have the eccentricity ezg and the directrices x =14 of the hyperbola

2

(3]

QNIN

=1. But the directrices have equations x = +2 . Therefore a =4% =6.
e

o[

Then b’ =a’(e’-1)= 36-(2— - l) =45. Hence the Cartesian equation of the
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2 2

oxT Yy
hyperbolais —~=—==1
yperbola i 36 45

6 Solution

The equation of the ellipse is 57 +2_=1. Thus we need to find the parameters a
a’ .

2

and b. Since the foci are on the x-axes, their coordinates are (tae,0). Therefore the

) ‘ .. . ) ) a
distance between the foci is 2ae =4 . The equations of the directrices are x =+—.
e

. . L a .
Hence the distance between the directrices is 2-— =16. Thus we have two equations
e .

a . i 2 o .
ae =2 and’— = 8. From the first equation we get e = —. Substituting the expression
e a

“for the e to the second equation we obtain a” =16. Therefore a =4 and e =

B

1
>

. , '
Then b* =a’(1-¢€?) = 16-(1—2) =12. Hence the Cartesian equation of the ellipse

2 2
is 2Lz

16 12
7 Solution
Let m and m’ be the directrices yA

2 2 m’ m
- of the - hyperbola x——%z—zl.
a

Then for P on the curve, both

PS=e-PM and PS’'=e-PM’,

where M and M’ are the feet of |
the perpendiculars from P to m §'(~ae,0) S(ae,0)

<
<
=Y

and m’ respectively. Therefore
|PS — PS’| = ¢|PM — PM'| = eMM’

. Thus |PS - PS’

=2a.

xt y? a
For the hyperbola —--—=1 x=—-— x==
ypP 5 12 ;
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a =3. Hence |PS—PS'

2
=6. Since b* =72, e= b—, 1= %+1=3.Therefore
\’a' \/

the coordinates of the foci are (£9,0).
(@) If PS=2, then |PS’-2|=6. Thus PS’=8. We see that PS+ PS’=10. But

MM’ =18. Hence there is no such point P on the hyperbola.
(b) If PS =8, then |PS’~8|=6.Thus PS’=14.
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Exercise 3.2

1 Solution
2 2

(a) Cartesian equation of the ellipse is %-kzg—:l. Hence a=4 and b=3.

Therefore the ellipse has parametric equations x=4cos® and y=3sin6,

-t<B<m.

2 2

(b) Cartesian equation of the ellipse is x*+4y* =4. Then xT+ll—= 1. Hence

a=2 and b=1. Therefore the ellipse has parametric equations x =2cos6 and

y=sinf, -t <B <.
(¢) Cartesian equation of the hyperbola is .)1%_;_;: 1. Hence a=4 and b=5.

Therefore the hyperbola has parametric equations x=4sec® and y=>5tan9,

—n<6_£n,6¢i§.

) : 2 2
(d) Cartesian equation of the hyperbola is x> —y* =4 Then %—24—— =1. Hence

a=72 and b=72. Therefore the hyperbola has parametric equations x =2sec6 and

y=2tan6,—n<6£7r,6¢i§.

2 Solution

(a) The eilipse has parametric equations x=3cos®, y=2sin6. Therefore

2 2
x ) ) . .
?-l-—y4— =cos’8+sin’0=1. Hence the Cartesian equation of the ellipse is

2 2

RS AN

9 4

(b) The ellipse has parametric equations x=5cos®, y=4sin®. Therefore

%—5-+’;—6 =cos’B+sin?0=1. Hence the Cartesian equation of the ellipse is
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2 2

* X,

25 16

(c) The hyperbola has parametric equations x=3sec8, y=4tan8. Therefore

2 2
%— - % =sec’@—tan’0=1. Hence the Cartesian equation of the hyperbola is
=¥

9 16

XT - % =sec’8—tan’0=1. Hence the Cartesian equation of the hyperbola is
= Y
4 25

3 Solution

2 2
The equation of the chord PQ of the ellipse —x7+y—2=1 is

Q
s

ico gi?)+lsin(gt2)=co ﬂ) where P, Q have parameters 0, ¢. We
a 2 b 2 2

have ¢=m+06. Hence the equation of the chord PQ transforms into

—{co 26+ +lsin —29—+T£ =co T . Thus —isin9+lcosﬁ=0. Therefore
a 2 b 2 2 a b

(0,0) lies on the chord PQ.

4 Solution
x2 y2
The equation of the chord PQ of the hyperbola —F-=—=1 s

fco{g_;ﬁ)_% sin(%) = co{e—;‘b-), where P, Q have parameters 8, ¢. We
a

Q
s

have ¢=m-0. Hence the equation of the chord PQ transforms into

—{cos( 26— n) - lsin(g) = co{g) . Thus Zsin® —% =0. Therefore (0,0) lies on

a

the chord PQ.
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5 Solution

(a) Chord PQ has equation x =ae, P has coordinates (acos9,bsin®). Hence
acosO =ae. Thus cosf =e.

(b) Length of the chord PQ is
|b sin —bsin(—G)I = 2b|sin GI =2bv1—cos’0 =2by1-e’. But for the ellipse

2 2
ic7+12—-—-1 we have b? =a?(1-e?). Therefore the length of the chord PQ is
. :

<o

2
w22
a a

6 Solution

(a) Length of PS is +/(asecO—ae)® + (btan6)? = Ja’(secO—e)> +b? tan? B . For

2 2
the hyperbola —{2— ——z—z =1 we have b? = a’(e’ —1). Therefore the length of PS is
a® }

\/aiz(secﬁ—ev)2 +a’(e* —1)tan? 0 = avsec? O —2esecH+e> +e tan? O — tan? O =

a\/zz(1+ta.n2 8) ~2esec + (sec’ B — tan® 0) = av/e? sec’ B —2esech + 1 = aJ(esecG— D?

Hence the length of PS is ale secB — 1| .

Length of PS’ is +/(asec®+ae)® + (b tan0)? = \/E(secﬁ+e)2 +b*tan’ 0. For the

“hyperbola x_; - Z—z =1 we have b? = a’(e’ — 1) . Therefore the length of PS” is
a

Jat(secB+e)? +a’(e? —1)tan? O = avsec? O+ 2esecO+e? +e’ tan’ O — tan’ § =

a\/;2(1+ta.n2 0)+2esecH + (sec’ O —tan? 0) = ave? sec? B+ 2esecO+1 = a\/(esec9+1)2

Hence the length of PS’ is ale secH + ll .

(b) If P lies on the right-hand branch of the hyperbola, then —-723 <B< g Since for

hyperbola e>1, PS=a(esec6—-1) and PSS =a(esec8+1). Therefore
PS—PS’=-2a. If P lies on the left-hand branch of the hyperbola, then

-7t<9<—-;£ or %<9Sn. Since for hyperbola e>1, PS =-a(esec-1) and
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PS’ = —a(esecO +1). Therefore PS— PS’=+2a.Hence |PS - PS’|=24.

7 Solution

(a) POQ is a right-angled
triangle. Therefore
OP* +0Q* = PQ*.

atcos?0+b>sin’ 0+

P(acos0,bsin0)

13

a’cos’ ¢p+bsin’ ¢ = -a 0

a’(cos®~cos¢)* +b*(sin6 —sinp)*

Then -b

0=—2a’ cosOcos — 2b* sinBsin ¢
a2
s tanBtan = ——-

(b) PAQ is a right-angled yA

triangle. Therefore
AP’ + AQ* = PQ*.

a*(cos®—1)2 +b?sin’ 0+

X

Q(acosd,bsind)

P(acosB,bsin9)

A(a0)

a*(cos¢p—1)> +b*sin® ¢ = -a 0
a?(cos8 ~cos)? +b?(sin® —sin )’

Then -b
—2a’cos@+a*—2a’cosp+a’ =
—2a* cosOcos — 2b* sinOsin ¢

2

cos® +cos¢p—1—cosBcosd = -b—z—sinesinq),
a

Q(acosd,bsin )

(l—2sin2g)+(l—2sin22)—l—(1—25in29](1_25in29.)=
2 2 2 2

al

2
b—, 25in9-cos9 2sin2cosg)
2 2 2 2

2

—4sinzgsin22=b- 2sin9cos2 25in2cos9 )
2 2 a 2 2 2 2

7SD Solutions Series
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H tan 0 tan b’
nce - —=—-—.
© 2 2 a’
8 Solution
i 1 -ano A
(a) POQ is a right-angled y O(asecd,btan®)
triangle. Therefore
OP* + 0Q* = PQ’.
atsec’0+b*tan’ B+ 4 . R
a’sec’o+b*tan’ § = : 0 x

24+b7 ’ 2 P 0,bt
a’(secB-sec)’ + b’ (tan6 — tan §)* (asec an )

Then

~-Z =

y2
2

QIH
[ %) [ %)

Ny

0=—2a’secOsech—2b” tanOtand

2

: a
s.sinfsing = ——
0 2

(b) PAQ ‘is a right-angled

yA
P(asecH,btan0)
triangle. Therefore
AP + AQ* = PQ". _
a’(secO-1)> +b>tan’ 0 + A(a)0)
%

Hv

a’(seco—12 +b* tan’ § =
a?(secO—sec )’ +b*(tanO — tan ¢)>

[}
[

QNIH
q~|\<
[ %)

Then Q(asecd,btand)

—2a’secO+a’ —2a’secd+a’ =
—2a”secBsecd—2b” tanBtan ¢

2

2

cos®+cos¢—~1—cosBcosd = b—,—sinesinq),
a2

1—2sin29)+(1—2sin29 —1—(1—2sin2—e—) 1—2sin29 =
2 2 2 2

2 ( ’
2,—- 2singcosgj(2sinﬂ)-cos9

a- 2 2 2 2
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2
—4sin293in29 —bT 23in9cos—e- 2sin-‘£cosg).
2 2 a 2 2 2 2

6 ¢ b
Hence tan—tan~ = ——-.
ence > > a2

9 Solution

(@) If PQ is a focal chord through S(ae0), then eco {e;q;):m 9; ¢).

¢ ¢

Expanding both cosines gives (e—1) cosgcosg =—(e+1) singsin-é- . Hence

tan-g-tang-=:—e. Similarly, if PQ is a focal chord through S$’(~ae,0), Then
e

. 6. ¢ 1+e
replacing e by —e, tan—tan—=——.
P 8 y 2 2 l-e

2 2
B -2 1a=45 wd b=3, o P(23345)= H{ seol an)

Also b2 =a’(e?-1) . e= (1+—§-) =2. P has parameter g Let Q has parameter
¢ . Hence
T ¢ 1-2 T ¢ 1+2
tan—tan— = ——, or tan—tan— = ——,
6 2 1+2 6 2 1-2
tan$=———l—, tan9=—3«/§,
3 2
142
3 1+27 14
sec =-——=2’ = =——,
¢ 1__1_ ¢ 1-27 13
3
1) %
Y 2(-3v3
and tan¢=———J—§—=—\/§. and tan¢ = ( )=3\/5
l—l 1-27 13
3
4
Q has coordinates («/5 sec$,3tan ¢) = Q(Zw/g,-%/g) or Q(——I—I%/—_i,%g—).
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Exercise 3.3

1 Solution

(a) The tangent to the ellipse )IC—;—FT—O =1 at the point (3,2) has equation
3x 2y . x*  y? )
—+—=1=x+y=5. The normal to the ellipse —+-=—=1 at the point (3,2)
15 10 15 10

has equation l—i’i—%)iz 15-10=x-y=1.

2 2 2 2

2 2 X Yy ‘ X Y
b) 3x°* +4y° =48 = —+=—=1. The tangent to the ellipse —+=—=1 at th
(b) y TAED & P16 12 )

) . 2x -3
point (2,-3) has equation —£+E)izlz>x—2y=8. The normal to the ellipse

x? y? 16x 12y

—+-=—=1 at the point (2,-3) has equation = T3 =16-12=2x+y=1.

o 2 2
(c) The tangent to the hyperbola %——);g—zl at the point (3,2) has equation

2 . 2 2
3%—%: 1= 2x—y=4. The normal to the hyperbola %—y—8-=l at the point

(3,2) has equation —63£+87y:6+8:>x+2y:7.

2 2 2 2

(d) ox* -2y*=18= %——);— = 1. The tangent to the hyperbola 52——% =1 at the

: . -3
point (2,-3) has equation _2_x___Ty =1= 3x+ y=3. The normal to the hyperbola

%_%:1 at the point (2,—3) has equation 22—x+2%=2+9=>x~3}’: 11.

2 Solution

(a) The tangent to the ellipse x = 6cos8, y=2sin® at the point where 8 :% has

xcosE ysinE
equation : + 5 6=l:>\/§x+3y=12. The normal to the ellipse
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x=6cos0, y=2sin6 at the point where 6= _165 has  equation

x _ 2yn =36-4=3x—~/3y=8V3.
T .
—  Sin—
COS6 6

(b) The tangent to the ellipse x =4cos0, y =2sin6 at the point where 6 = —% has

X Cco _I sin _I
4 Y 4
+

3 5 =1= x—-2y=42. The normal to the ellipse

equation

x=4cosB, y=2sin@ at the point where 6= —-} has  equation

=l6—4=>2x+y=3w/5.

(c) The tangent to the hyperbola x =2sec8, y =3tan8 at the point where 6 = % has

T T
xsec— ytan—

equation > 3_ 3 3 —1=3x- \/Sy =3. The normal to the hyperbola
x=2secB, y =3tan6 at the point where 0= 1;— has  equation
an +——3-—y—1;=4+9=>x+w/§y= 13.
sec— tan—
3 3

(d) The tangent to the hyperbola x =2sec, y =4tan® at the point where 6 = —%

ssed -2) yua -]
: 4
has equation - =1= 2/2x+ y=4. The normal to the

hyperbola x=2secO, y=4tan® at the point where 6= —g has equation

2x 416 x-2y= 1042,

«f5) =)
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3 Solution
x2 y2

(a) The chord of contact of tangents from the point (5,4) to the ellipse s +—1—6 =1
has equation 2C—+4—y: 1= 5x+6y=15.

15 10

x2 2 .
(b) 3x* +4y* =48 = 2 _+2 =1. The chord of contact of tangents from the point
2 2
. x" y . b6x 4y
4) to the ell ~—+*—=1 hasequation —+—==1=9x+8y=24.

(6,4) to the ellipse 1 12 q TRET y

(c) The chord of contact of tangents from the point (1,2) to the hyperbola

2 2 .
X y

=1 has equation %—281=1:>2x—3y:12.

2 2
(d) 9x* -2y’ =18= %— —%— =1. The chord of contact of tangents from the point

2 2
(1,2) to the hyperbola %—% =1 has equation %- %: 1= 9x—4y=18.

4 Solution

2 2
The normal to the ellipse x_2+%2_:1 at the point P(acos®,bsin®) has equation
a

2 2
@ __ .by =a’ -b*. Point X has coordinates (a cosG,O] and point Y has
cos® sin® a
) b2 __a2
coordinates (0, sin 6] . Hence
a’-b*Y b b?
CPXt= (a - ) cos’@+b’sin® 0 =—cos’ 8 +b*sin’ 0 = —2—(b2 cos’ 0 +a’sin? 6)
a a* a

2
br—a®) . at . a’ ,
sin0=a’cos’0+—sin’0=—(b2cos’*0+a’sin’ 0
bt b

2

PY? :a200529+(b—

éx/bz cos’0+a’sin’0 b2
Therefore =& =,

a , a’
;\/bz cos’0+a’sin’0
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5 Solution

2 2
The tangent to the hyperbola x_z —Z—z =1 at the point P(asec8,btanB) has equation
a

xsecH ytan© _
a b

1. Point X has coordinates (acos6,0) and point Y has
coordinates (O,—-b cot 6) . Hence

PX? = (asec®—acosB)? +b2tan? @ = a’cos? Otan® B+ b tan? 9,

PY? =a%sec’0+ (btanO+bcotB)’ = a’sec’ O+ b sec’Bcosec’ B.

PX _ \Jsin? 6(a” tan® 6 + b2 sec? )

= =sin*0. If P is an extremity of a
PY cosec? B(a” tan” O + b* sec? 0)

Therefore

latus rectum, then asec® = *ae. Thus cos6 = il. But % =1-cos’ 6. Hence
e

PX 1 er-1
— ===
PY e e

6 Solution

2 2
The tangent to the hyperbola x_2 - %— =1 at the point (a,0) has equation x = a . This
a

tangent meets the asymptote y = é-x at the point (a,b) and the asymptote y = —éx
a a

at the point (a,~b) . Hence OT? = a® +b* = a’e? = OS*. Therefore OT = OS .

7 Solution

2 2
The tangent to the hyperbola x_z - Z—z =1 at the point P(asec8,btan0) has equation
a

xsec® ytan® _
a b

ula cosO b cos©
1-sin® 1-sin®

1. This tangent meets the asymptote y =-b—x at the point
a

) and meets the asymptote y:——éx at the point
a

N( cos® -b cos® ).Hence

a ,
1+sin® 1+sin®

7SD Solutions Series




20

2 2
PM?* =|asecf—-a co%e +(btan9—-b cosle =a*tan’ 6 +b%sec? 0,
1-sinB 1—sin6

' 2 ) 2
PN? =|asec8—a Cos,e +[btan6 +b Cos_e =a’tan*0+b*sec’B.
1+sin6 : 1+sinB

Therefore PM = PN .

8 Solution

(a) Let PQ be a chord of contact of tangents from T(x,,y,) to the hyperbola

2 2

z—z—y—z: 1. If T(x,,y,) lies on the directrix xz—g, then x, :% and the chord
PQ has equation XY 1. But S(ae,0) satisfies this equation and hence PQ is
g ae b2 Q

a focal chord through §. Similarly, if 7 lies on x = —ﬁ, then PQ is a focal chord
.9 e

through S’(-ae,0) .

5

(b) Let PQ- be a focal chord of the hyperbola x—;—Z—z =1.If tangents at P and Q |
a

o W

meet in T(x,,y,), then PQ has equation — 2
2’

=1. Hence if S(ae,0) lies on

PQ, then x, = a and 7T lies on the directrix x = 3; if §'(—ae,0) lies on PQ, then
e e

a : . . a
x, =—— and T lies on the directrix x = ——.

e e
9 Solution

'(a) The hyperbola has parametric equations x=asec® and y=bhtan6. Hence

d 0 .
= bsec If y=mx+k is a tangent to the hyperbola at P(asec¢,btan ), then
dx atan®
d
m=2 at P = matan¢-bsecP =0
dx
(D
P lieson y=mx+k = masecP—btand =—k
(2)
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(2)% - ()2 = m?a*(sec® ¢ — tan® ¢) + b (tan” ¢ — sec’ ) = k2 = m?a® - b* = k>.

2
ma

k

(b) (2) xsecd~ (1) X tand => ma(sec’ ¢ —tan’ ¢) = —k sec¢ = asec ¢ = —

»

(2) X tan § — (1) X sec ¢ = b(sec” ¢ —tan’ ¢) =—ktanq>=>btanq>=_%_

,

2 2
Therefore the point of contact of the tangent y =mx+k is P(— 2 —b—) Now

2 2
tangents from the point (1,3) to the hyperbola x___y_s_ =1 have equations of the

form y—-3=m(x-1), thatis, y=mx+(3—m). Hence

mia®-b=k’=4m* -15=3-m)* = 3m* +6m-24=0= (m-2)(m+4) =0.

2 2
~m=2k=3-m=1 and P(— ”‘: ,—%) = P(-8,~15)

2 2
orm=-4,k=3-m=7 and P(—m: ,—b—]s P(l—6—,——1——5—).

2 2
Hence the tangents from the point (1,3) to the hyperbola %— ~2 =1 are

y =2x+1, with point of contact P(-8,—15) and

y=-4x+17, with point of contact P (176 " 17_5] '

10 Solution
2 2
The chord of contact of tangents from the point (1,3) to the hyperbola X -—% =1
has equation %— ::—;’— =1=5x—-4y=20.Let T(x,,y,) be a point of contact. Then
T lies on the chord = 5x, —4y, =20,
x?. y2
T lies on the hyperbola = 70 - TOS— =1.

Hence x_g__(_s_f()_io)_z- =

T lenls 1 Tx +40x, —128=0= (7x, - 16)(x, +8) =0

7SD Solutions Series




Xog=—, Vg = or X, =8, y, = =-15.
0TIy 7 0 =TTy
. . . XXy WY _
Equation of tangent at the point T(x,,Y,) is —-—=5-=1. Therefore the tangents
. a- -
x?. yZ
from the point (1,3) to the hyperbola VT 1 are
16 15
y = —4x+7, with point of contact P(—7— — —7—j and
y = 2x+1, with point of contact P(-8,—15).
11 Solution .
Let the tangent at y A
P meet x=a, R
. x=-a in Q, R C P(acosB,bsinB)

respectively.  Let
OR meet the y-

o S’(—ae,0) 0 S(ae,0),
axis in C. Tangent
PR has equation

"y

x2 yZ B 1
)ccose_i_ysine:1 x=—a ;7+b—z_ x=a
a b
Hence O has coordinates (a,w)
sin 6
and R has coordinates (—a,w).
sin©
b(1-cos6) b(l1+cos®) _ b? 1—-cos’6

Gradient QS X gradient RS =

a(l—e)sin® —a(l+e)sin® __az(l—ez) " sin’@

Then  b® =a’(1-e”) = gradient OS X gradient RS =—1.. QS L RS.  Similarly,
replacing e by —e, 0S’ L RS’. Hence QR subtends angles of 90° at each of S and
S’,and Q, S, R, §’ are concyclic, with QR the diameter of the circle through the
points. The y-axis is the perpendicular bisector of the chord SS”, hence the centre of

this circle is the point C where the diameter QR meets the y-axis.
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2\/5] x? x Zﬁy—]
3

If P(1,~—3— lies on the ellipse ?+ y> =1, then OR has equation — +
9

. 3 . 8
and meets the y-axis in C(O,m). Also b* =a’(l1-e?) gives e? :B’ and S has

coordinates (2&,0). Hence CS* =§ and the circle through Q, S, R, S’ has

equation x’ +( ———3—]2 _73
N2) 8
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Exercise 3.4

1 Solution

(@) For the hyperbola xy=8 we
have ¢’ =8 = ¢ =22 . Hence the
hyperbola xy =8 has

eccentricity e = V2 ,

foci S(cv2,cV2) = 5(4,4)

and

S' (2 ~e2) = S(-4,-4),

S’'(—4,-4)

directrices

x+y=i'c\6:>x+y:i-4,

asymptotes x =0 and y=0.

(b) For the hyperbola xy=16 we yt

have ¢* = 16_:> c=4. Hence the

hyperbola xy =16 has

(442 ,442)

eccentricity e = V2,
foci
S(Cx/i,_c\/i) = S(4\/§’4ﬁ) >

d
N . X+y= 4\/5
S’(_C 2,—C\/5) = S(_4\/5,_4\/5) ,
directrices S/(—4\/2_—4\/5)

X+y= —4\/5

x+y:i'cx/5:>x+y:i-4\/5,

asymptotes x =0 and y=0.

2 Solution

(@) For the hyperbola xy =4 we have ¢* =4 = ¢=2. Hence the hyperbola xy = 4
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. . c
has parametric equations x =ct, y = " =>x=2ty= -

(b) For the hyperbola xy=25 we have c¢*=25=>c=5. Hence the hyperbola

. . c 5
xy = 25 has parametric equations x =ct, y = n =>x=5y= e

3 Solution

) 4
(@) The hyperbola x =41,y = % has Cartesian equation xy = 4t T = xy=16.

(b) The hyperbola x =3¢, y = % has Cartesian equation xy = 3t-% =xy=9.

4 Solution

(a) For the hyperbola xy =8 we have ¢’ =8. Hence the tangent to the hyperbola
xy=8 at the point P(x,,y,)= P(4,2) has equation xy, + yx, =2¢* = x+2y=8
and the normal has equation xx, — yy, = x2 -~y = 2x~y=6.

(b) For the hyperbola xy =12 we have ¢? =12. Hence the tangent to the hyperbola
xy=12 at the point P(x,,y,) = P(-3,-4) has equation
xy, +yx, =2¢ = 4x+3y=-24 and the normal  has  equation

xx, = yy, =x12'—yl2 =3x-4y=7.

(c) For the hyperbola x =21, y=% we have ¢=2. Hence the tangent to the

2 . .
hyperbola x=2¢f,y=— at the point where (=4 has equation
t
x+tly=2ct = x+16 y=16 and the normal has equation

tx-—l=c(t2 —iz)ﬁ32x—2y=255.
t t

(d) For the hyperbola x=3t, y=é we have ¢=3. Hence the tangent to the
t

hyperbola x=3t,y=-§ at the point where t=-1 has equation
t

x+1ly=2ct =>x+y=-6 and the normal has equation
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1
tx—-lzc[tz——z)mx—yzo.
t t

5 Solution

(a) For the hyperbola xy =10 we have ¢’ =10. Hence the chord of contact of
tangents from the point T(x,,y,) = T(2,1) to the hyperbola xy =10 has equation
Xy, + yx, =2c? = x+2y=20.

(b) For the hYperbola xy =6 we have ¢* = 6. Hence the chord of contact of tangents
from the point T(x,,y,)=7(1,-2) to the hyperbola xy=6 has equation

Xy, + ¥x, =2 =22x-y=-12.

6 Solution

(a) The hyperbola xy=c? has parametric equations x=ct and y=<. Hence
_ t

% = .—iz. If y =mx+k is atangent to the hyperbola at P(cp,ij, then
! p

dy

m=— atP =mp*+1=0
dx
(D
Plieson y=mx+k :>mcp—-£=—k
p
(2)

1
“ ()= p*=——.Thus () = m’c*p* —2mc* +—5 =k = dmc? +k* =0.
m

(b) ()x=+(2) = 2mep = —k —p=—t
p 2m

OxE-@) =Lk
p

c_k
p p 2

Therefore the point of contact of the tangent y=mx+k is P(——k—ﬁj Now
2m 2

tangents from the point (~1,-3) to the hyperbola xy =4 have equations of the form
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y+3=m(x+1),thatis, y=mx+(m—3). Hence

amc*+k*=0=16m+(m-3) =0=>m* +10m+9=0= (m+1)(m+9) =0.

~.m=-1, k=m-3=-4 and P(-—L,E)E P(-2,-2),
2m 2
orm=-9,k=m-3=-12 and P ——]—(—,-]i =P —E,—6 .
2m 2 3

Hence the tangents from the point (—1,~3) to the hyperbola xy =4 are

y = —x —4, with point of contact P(-2,-2) and

y = -9x —12, with point of contact P(—% ,—6J-

7 Solution

The chord of contact of tangents from the point (—1,-3) to the hyperbola xy =4 has
equation 3x+y =-8. Let T(x,,y,) be a point of contact. Then

T lies on the chord = 3x,+y, =-8,

T lies on the hyperbola = x,Y, =4.

Hence x,(—8—3x,) =4 =>3x2 +8x,+4=0= (3x+2)(x+2) =0

.'.xo=—%,yo=—8—3xo=—6 or Xg =2, ¥, =—8-3x, =-2.

Equation of tangent at the point T(x,,y,) is xy, + yx, = 2c”. Therefore the tangents
from the point (—1,-3) to the hyperbola xy =4 are

y = —x—4, with point of contact P(-2,-2) and

y =-9x—12, with point of contact P(—% ,—6)-

8 Solution
[1 1] E(l 1)
B q r 1
#=——1-, the gradient of QR is M T
co(p—r) pr c(g-r) qr
1

> =-1=rl=——.
pqr rq

The gradient of PR is

Therefore PR1QR = gradient PR X gradient QR = -1 =
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The normal at the point R(cr,—qj has gradient r?, the gradient of PQ is
r

1 1}
c ———
P q 1 . 2 i, )
————%=—— Since r° =-—, then gradient of the normal at R equals to

c(p—q) pq pq

gradient of PQ . Thus the normal at the point R is parallel to the chord PQ.

9 Solution
The tangent to the hyperbola xy = ¢ at the y A
: : P N
point P(ct,fj has equation x+1’y = 2ct . .
Hence the point T has coordinates T
2 x

(—2(:—1‘,-—(:[—,) The normal to the 0 \\

1+¢7 1+1¢°
hyperbola xy =¢” at the point P[ctﬁ]

t

' ' 1
has equation _tx—l=c{t2———,). Therefore the point N has coordinates

t t?
+1 P+
c ,C .
t t

(a)
2 2 2 2 2
oP? =c* + <, PNZ:(ct—ct ”) +[£—ct ”J == 0P=PN
t t t t t
2ct 2
(b) 0T=I+Ct2w/5, oN =c2 B = orx o = ac?.
10 Solution
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Since R(x,.,Yy,) lies on the tangent at the y A

. c 2
point P(cp,;), then x,+p°y, =2cp. P

) M
Since R(x,,y,) lies on the tangent at the
) X

. c i 0

point Q(cq,—), then x,+qg°y,=2cq.
q
R
Thus x, = 2cpq and y, = . Then
ptq ptq

OR has equation y=&x=i. The point M(x,,y,) lies on OR. Therefore
%o pPq

Y, = % Since PQ is the chord of contact of tangents from the point R(x,,y,), then

PQ has equation xy, + yx, =2c>. M(x,,y,) lies on PQ. Hence i y, = ALy
pPq pPq

Thus y, = —;—(%+2) and x, = -;—(cp+ cq). Therefore M is the midpoint of PQ.

11 Solution

Let R has coordinates (x,,y,). PQ is the chord of contact of tangents from R to the
hyperbola xy =9 . Hence PQ has equation xy, + yx, =18. Then (6,2) lies on PQ.

Therefore x, +3y, = 9. Thus the locus of R has equation x+3y=9.

12 Solution _
Let R has coordinates (x,,y,). PQ is the chord of contact of tangents from R to the

4 hyperbola xy = ¢*. Hence PQ has equation xy, + yx, = 2c”. Then (a,0) lies on PQ.
b 2
Therefore ay, = 2c?. Thus the locus of R has equation y = =

a
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1 Solution

2 2
For the ellipse RIS AR
4 3

we have '
a=2,b= -\/5 =>b<a /
b? =a¥(1-e?) ’ _ S ('—1,0) SEI,O) l
, ” -z\i 2
eccentricity: _ , .
e= 1—E

1
2’ | -3

Hv

(£ae,0) = (£1,0), .

) ) a
directrices: x=t—=x=14.
- e

2 Solution

x?. yZ
For the hyperbola — —=— =1 we have

4 12

-3

a=2,b=23 YN
b: =a%(e* - 1) ,
eccentricity: e= 1f1+ 142 =2,

S(z40 | LN/ (4,00
foci: © (*ae0) = (#4,0), D) R > >
directrices: x= iﬁ = x==1,

e
b
asymptotes: y=ft—x=y= +/3x.
a y=—~3x

3 Solution

) 2 2
If P lies on the ellipse 1‘7+Z—2=1 with the foci S(ae,0) and S’(-ae,0), then
a
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2 2

PS + PS’ =2a. For the ellipse %+%—=1 we have a =3. Hence if P§S =2, then

PS'=6-2=4.

4 Solution

Since foci of a hyperbola are on the x-axes, then the equation of the hyperbola is

2

=1. Thus we need to find the parameters a and b. Coordinates of the foci

QNI N
Q.l:-l|\<l\l

are (*ae,0). Therefore the distance between the foci is 2ae = 16. The equations of

. ) a . . ) ) a
the directrices are x = +—. Hence the distance between the directrices is 2-—=4.
e e

. a . . 3
Thus we have two equations ge =8 and — = 2. From the first equation we get e = —.
e a

Substituting the expression for the e to the second equation we obtain a®> =16.
Therefore a=4 and e= % =2. Then b* =a’(e’ -1)=16-(4—1)=48. Hence the

2 2

Cartesian equation of the hyperbola is % -2 o

48

5 Solution

2 2

(a) Cartesian equation of the ellipse is %+y7:1. Hence a=3 and b=2.

Therefore the ellipse has parametric equations x=3cos® and y=2sinf,

-t<B<m.
x2 y2
(b) Cartesian equation of the hyperbola is T 1. Hence a=3 and b=4.

Therefore the hyperbola has parametric equations x =3sec® and y=4tan0,

—n<9$n,6¢i§.

6 Solution

(a) The ellipse has parametric equations x =4cos®, y=3sin6. Therefore
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2 2

Zlc—g +2 =cos’0+sin?0=1. Hence the Cartesian equation of the ellipse is
2 2

16 9

(b) The hyperbola has parametric equations x =4secf, y=>5tan6. Therefore

2 2

%—% —sec’0—tan?0 =1. Hence the Cartesian equation of the hyperbola is
2 2

X oy

16 25

7 Solution

(a) Chord PQ has equation x=ae, P has coordinates (asec8,btanf). Hence

asec® =ae. Thus secO=e¢.

(b) Length of the chord PQ is

]b tan®—-b tan(—-())l = 2bltan Ol = 2b\/sec2 0-1= Zb\/e2 —1. But for the hyperbola

2 2
——4%2—-—!1 we have b? =a’(e? ~1). Therefore the length of the chord PQ is

2
a

2b*

a

2.2 -
a

8 Solution

(a) Length of PS is \[(a cos® —ae)? + (bsin0)? = \/az(cose— e)? +b%sin’ 0 . For the

2 2
ellipse iz-— + —by—z- =1 we have b* =a’(1-e”). Therefore the length of PS is
a

\/az(cose—e)2 +a’(1—e?)sin? 0 = avcos? 8 —2ecosO+e? +sin? 0 —e? sin? § =

a\/(cos2 0 +sin’0) —2ecosO+e>(1—sin®0) = a\/l —~2ecosO+e’cos’ 0 = a~/(1-ecosf)?

Hence the length of PS is a(l—ecos0).

Length of PS” is +/(acos® +ae)® + (bsinB)® = a’(cosO+e)* +b?sin’ 8 . For the

ey
ellipse — +Z—2 =1 we have b* = a’(1-¢?) . Therefore the length of PS’ is
a

7SD Solutions Series




33

Jal(cosB+e)’ +a’(1—e?)sin’ 6 = alcos? 8+ 2ecosB + e + sin? B-e’sin?Q =

a\ﬁos2 0 +sin? 8) + 2ecosB + e2(1—sin? ) = a1+ 2ecosd + &2 cos? 0 = a+/(1+ ecosh)’

Hence the length of PS” is a(1+ ecosB).

(b) PS+ PS’=a(l-ecosB)+a(l+ecosd) =2a.

9 Solution

2 2
(a) The tangent to the ellipse %+12-—=1 at the point (2,1) has equation

2 2
2% Y 1= x+2y=4. The normal to the ellipse %H?:l at the point (2,1)

8

has equation 8%—2"11=8——2=>2x—-y=3.

(b) The tangent to the ellipse x =4cos8, y=2sin0 at the point where 6 =—T3E has

xcoszc— ysin-TE
equation 2 34 5 3 =1=x+2/3y=8. The normal to the ellipse

x=4cosO, y=2sin6 at the  point where 6= g has equation

i__zl.:]6—4=>6x—\/§y:9.

T . T
cos— sin—
3 3
2 2

(c) The tangent to the hyperbola %—;—7=1 at the point (4,3) has equation

4 2 2
dx 3y 1= 3x—y=9. The normal to the hyperbola %—2—7 =1 at the point

12 27

| 2;
] (4,3) has equation 14—t+%=12+27=>x+3)’=13-

(d) The tangent to the hyperbola x = 3sec®, y = 6tan® at the point where 6 = 1;— has

T T
xsec— ytan—

equation 3 6 6 =1=>4x—y=6\/§ . The normal to the hyperbola

7SD Solutions Series




34

x =3secB, y==6tan6 at the point  where 6= % has  equation

3% Y 91360 x+dy=10V3.

T T
sec— tan—
6

6

10 Solution

2 2
(a) The chord of contact of tangents from the point (4,3) to the ellipse _x§_+ 22— =1

has equation %-{*37}): l=x+3y=2.

¥

(b) The chord of contact of tangents from the point (2,1) to the hyperbola

2 2
x——y——lhasequatlong’z——y——lzb%c 2y =54,
12 27 12 27

11 Solution

2 2
The tangent to the ellipse %+—Z—2=1 at the point P(acos6,bsin®) has equation
_ a

xcos® ysin®
+
a b

=1. Point X has coordinates (asec6,0) and point Y has

coordinates (O,b cosec 6) . Hence
PX? =(acos®—asecO)’ +b>sin’0=a’sin’Otan’ 6+ b’ sin* 0,

PY? = a®cos” 6 + (bsin® - bcosecB)” = a’ cos” 0 +b* cos” Bcot” 6.

PX \/tan 8(a’ sin” 6 + b cos? 6) _

- an’@. If P is an extremity of a
\/cot 8(a’sin’ B +b* cos’ §)

Therefore -

1 _ 2
latus rectum, then acos8 = +ae . Thus cos8 = te . Hence _PY = ze
e

12 Solution

2 2
The normal to the hyperbola x—z—%T =1 at the point P(asec6,btan8) has equation
a P

b 2 2
ax+ 'y

secB tanB

=a’+b*. Point X has coordinates (a secG,OJ and point Y has

a
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al+b?

coordinates (O, tan 6) . Hence

2

2, 312)\? 4 2
PX’:(a—a b J sec?0+b? tanzezb—zsec26+b2tan26=b—-(bzsecze+a2tanze)
a a

>

a’ +b* 2

2 4
) tan? 0 = a? sec? 6+a—2tan2 6-—-£17(b2 sec’ 0+ a? tan? 6)
b b

PY? = a? sec? 6+(b—

éx/bz sec20+a’tan’ 0

a b*

Therefore PX = =—.
a

—Z—Jbz sec’0+a’tan’ 0

13 Solution
For the hyperbola xy =18 we have

c?=18=>c=3J2. Hence the
hyperbola xy =18 has

eccentricity e = w/E ,

foci S(cv2,¢2) = §(6,6)
and

S'(-cN2,~c2) = S(-6,-6)

directrices

x+y=icﬁ=>x+y=i6,

asymptotes x =0 and y=0.

14 Solution
(a) For the hyperbola xy =9 we have ¢? =9 => ¢ =3. Hence the hyperbola xy =9

. . c 3
has parametric equations x =ct, y=—=x=3f,y =—.
t t

(b) The hyperbola x = 5t, y = ; has Cartesian equation xy = 5t ; = xy=25.
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15 Solution

(a) For the hyperbola xy =6 we have c? = 6. Hence the tangent to the hyperbola
xy =6 at the point P(x,,y,) = P(32) has equation xy, + yx, =2¢? = 2x+3y =12

and the normal has equation xx, — yy, = x7 = y; = 3x-2y =5,

4
(b) For the hyperbola x =4t, y=— we have c¢=4. Hence the tangent to the

hyperbola x=4t,y=i at the point where =2 has equation
t .

x+1ly=2ct=>x+4y=16 and the normal has equation

z‘x——)i:c{t2 —i,)=:>4x—y=30.
t t

(¢) For the hyperbola xy = 4 we have ¢* =4 . Hence the chord of contact of tangents
from the point 7T(x,,y,)=7(2,~1) to the hyperbola xy=4 has equation

Xy, + ¥xg =2¢> = —x+2y=8.

16 Solution
The tangent to the hyperbola xy=c® at the point P(ct,%) has equation
x+t*y=2ct. Hence the point X has coordinates (2ct,0) and the point Y has

coordinates (O, —Z—C) .
' t

l

~

(a) | PX? = (ct—2ct)’ +(§] = cz(z‘2 + t ) and

2
PX? = (cr)? +(§—3‘5) = cz(tz +i) Therefore PX = PY .
t t

(b) The area of AYOX is %-OX QY = %-2ct 2—:— =2¢”. Thus the area of AYOX is

independent of ¢ .
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Further questions 3

1 Solution

2 2
The tangent to the ellipse x—2+z—2=1 at the point P(acos6,bsin®) has equation
a

xcose+ ysin® -1

a b
(a) The point A has Ay
coordinates  (asec6,0) T’ B |
and the point X has YﬁiP(acosﬁ,bsme)

coordinates (acos0,0).

x
Hence - b —

OX -OA=acos0-asecO=a’

(b) The point B has

coordinates

(O,bcosec®) and the point Y has coordinates (0,bsin8). Hence
OY -OB = bsin0-bcosecO = b*.

ecosO — l|

(c) Since S has coordinates (ae,0), then ST = . Since S’ has

cos’® sin’®

a’ b?
. I—e cosf — 1|
coordinates (—ae0), then ST = . Therefore
\/cosz 8 N sin’ 0
a’ b?
1 _ 2 2 R 2
ST ST =——°% cos 26 . But for the ellipse b* =a?(1-e*) = e’ = l—b—. Hence
cos’ 0 L sin 0 a?

a’ b?
b2
1-cos® 8 +—cos” 6
ST-S'T' = —a———=p?,
cos‘0 sin“H
a2 + b2
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2 Solution

2
The tangent to the hyperbola 57
2°

xsecO ytan® _
b

1.
a

(a) The point A has coordinates
(acos0,0) and the point X has

coordinates (asec9,0). Hence
OX -OA =asecO-acosf =a’.
(b)

coordinates (0,~bcotB) and the

The point B  has

point Y  has coordinates

(0,btan0) . Hence
OY-OB=bhtan®-bcot§ = b>.
(c) Since S has coordinates

e_
(ae0), then ST = Jesec

—%2— =1 at the point P(asec®,btan®) has equation

P(asecH,btan0)

S/

B

|

. Since §’ has coordinates (—ae,0), then

sec’0 tan’@
+

J

a’ b?
. —esecO—~1 s e’sec’9-1
ST = I o l26 . Hence ST -S'T' = T But for the hyperbola
sec an
\/ 5 + 2 2 + 2
N a b a b

2

b’ =a’(e* - 1) =’

b—2+1.Thus ST-S'T"=4
a

b2
~—sec’ O+sec’ 91

=p?
sec’® tan’#@ )
2 + b2

a
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3 Solution

2oy? yA
The normal to the ellipse E—+ Z =1
a

P(acosB,bsinB)
at the point P(acos0,bsinB) has
equation —2— — by =a’-b*. The
d cos® sin6 — S a

ol/c N

HV

point G has coordinates

2 _ g2
(a b cosG,OJ.
a

(@) The point N has coordinates (acos8,0). Therefore OG =

ON . But for

2
a’-p?
a2

2
a’-b?
2
a

=e?. Thus OG = e?ON .

the ellipse b* = a*(1-e%) =

(b) Since the focus S has coordinates (ae,0),

2 2

cosO| = ae(1- ecosH)

a
ae —

then SG =

a

and SP = \/(ae—acose)2 +b%sin’ 0 = a\/(e—cose)2 +(1-e*)sin? 6

= av1-2ecos8 +e* cos? 8 = a(l— ecos) .
Hence SG = eSP . Since the focus S’ has coordinates (—ae,0),

2 _ 32

then S’G = cosO| = ae(1+ ecosB)

a

and S'P = \/(~ae — acosB)® +b*sin 0 = a+/(e +cosB)? +(1—e?)sin>

= av1+2ecos®+e? cos 8 = a(l +ecosh) .

Hence S'G=eS’P.
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4 Solution

The normal to the y [

hyperbola P(asec,btan®)

v

point -a 0 : alN G
P(asecO,btanB) has

equation
g b __ a’+b*
secb tan0 '
a’+b’
. The point G has coordinates sec6,0|.
a
' . a’+b®
(a) The point N has coordinates (asec®,0). Therefore OG = ———ON . But for
~ a

' 2 2
the hyperbola b = a’(e* — 1) = 2 tb =e”. Thus OG =e’ON .
a" .

(b) Since the focus S has coordinates (ae,0),

2

secO = aell —esec 6,

then SG =|ae - a

a

and SP = \/(Tze—asecﬁ)2 +b*tan’ 0 = a\/(e—secﬁ)2 +(e’ —=Dtan’ 0

= av1-2esecO+e’sec? @ = all—esec6|.

Hence SG = eSP . Since the focus S’ has coordinates (—ae,0),

2

secO = aell +esec 9]

a

then S'G =

and S'P = \/(—ae—asece)2 +b%tan’ 0 = a+/(e+secB)’ + (e’ ~ 1) tan’ O

= aV1+2esecH+ el sec? O =a|1+esec6[.

Hence S'G =eS’P.
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5 Solution

The tangent to the ellipse yﬁ
2 2

57 + Z—z =1 at  the  point ¢

P(acosB,bsinB)
P(acosB,bsinB) has equation

xcose+ys1n9 =1. Hence the —4 S’ S a -
a b / ol 7 x

point o has coordinates

(0,bcosecB) . Thus the gradient of -

-b
05’ is 2°%%8 Tre gradient of
ae
2yt asin®

. Since

the normal to the ellipse —x—2-+—7=1 at the point P(acos0,bsin0) is
a b’ bcosO

P lies at an extremity of a latus rectum through the focus S(ae,0), then cos® = e and

sin@=+1-¢? = -ll Therefore the gradient of QS’ is —b—-ﬁ = l and the gradient of

a a b e

the normal at P is bi-b— = l Hence the normal at P is parallel to QS’.
e a e

6 Solution
The tangent to the ellipse yT
2 2 P 0,bsinb
x—2+—)i,— =1 at the point (acosb,bsin)
a- b’ R
P(acos9,bsin®) has equation
. A’(-a)0) S’ S A(a,0)$

x cos® + ysind =1. Hence the 0 x

a b
point R  has coordinates
(a,b—a—ﬂ) . Thus the b

sinB6
gradient of OR M . The gradient of AP is
asin®

bsin6 _ bsinB(1 — cos0) _ bsinB6(1 - cosB) _ b(l—.cose)' Therefore OR

a(cos®+1) a(cosB+1)(1-cos®)  a(l—cos’0) asin®
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is parallel to A’P.

7 Solution

The tangent to the ellipse x*>+2y”> =19 at the point P(x,,y,) bas equation

2
xx, +2yy, =19 . If this tangent is parallel to x+6y =35, then ?y-‘-)-= 6=y, =3x,.
0

Since the point P(x,,y,) lies on the ellipse, then x; +2y; =19. Therefore
x> +2-9x; =19= x; = 1. Hence the tangents to the ellipse x* +2y* =19 are
x+6y =19, with point of contact P(1,3) and

x+ 6y =-19, with point of contact P(—1,-3).

8 Solution
The tangent to the hyperbola 2x® —3y* =5 at the point P(x,,y,) has equation

2
2xx, —3yy, =5. If this tangent is parallel to 8x =9y, then ?x—" = g = ¥, =%x0.
. Yo

Since the f)oint P(x,,y,) lies on the hyperbola, then 2x; —3y; =5. Therefore

2x} - 3-1—96—x§ =5= x} = 16. Hence the tangents to the hyperbola 2x* —3y? =5 are

8x -9y =35, with point of contact P(4,3) and

8x -9y =-5, with point of contact P(—4,-3).

9 Solution

The tangent to the hyperbola x*—y® =7 at the point P(x,,y,) has equation

. . 4
xx, — yy, = 7. 1If this tangent is parallel to 3y =4x, then o _ —3— = Y = %xo . Since
Yo

the point P(x,,y,) lies on the hyperbola, then x;-y2=7. Therefore

% _'l—éxé =7 = x; =16. Hence the tangents to the hyperbola x> — y2 =7 are

4x -3y =", with point of contact P(4,3) and

4x~—3y = -7, with point of contact P(~4,-3).
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10 Solution

The tangent to the ellipse 8x”+3y? =35 at the point P(x,,y,) has equation

8xx, +3yy,=35. The point (%5) lies on this tangent. So

2 : . . .
10x, +15y, =35= y, = %—-gxo. Since the point P(x,,y,) lies on the ellipse, then

8x2 +3y; =35.

2
Therefore 8x; + 3-(%—%%) =35= 28x¢ —28x, — 56 = 0= (x, —2)(x, +1) =0.

Hence the tangents to the ellipse 8x* +3y? = 35 from the point (2 ,5) are

16x + 3y = 35, with point of contact P(2,1) and
—8x + 9y =35, with point of contact P(~1,3).

11 Solution

The tangent to the hyperbola x> -9y* =9 at the point P(x,,y,) has equation
xx,-9yy, =9. The point (3,2) liessm on  this tangent. So
3x, — 18y, =9 = x, = 3+ 6y,. Since the point P(x,,y,) lies on the hyperbola, then
x2 -9y =9. Therefore (3+6y,)* =9y =9= 3y +4y,=0= y,(3y, +4) =0.
Hence the tangents to the hyperbola x> —9y? =9 from the point (3,2) are

x =3, with point of contact P(3,0) and

—5x+12y =9, with point of contact P(—S,— %) .

7SD Solutions Series




44

12 Solution
The chord PQ of the ellipse Y} P(acosd,bsind)
x2 y2 ) b
— +=5 =1 has equation
a
_ 7(1,0) \\A(a,0
% cos S+¢ +2sin 8+¢ =co S-¢ (a)»
a 2 2 ’ g
where P, (O have parameters 6, Q(acosd,bsin ¢)
_ ,bsin

¢. The chord PQ cuts the x-axis

. ! -1
at point 7(¢,0). So t:acos(e q))se:c(e-{-q))za(1+tan—e—tan$ l—tangtang .
2 2 <22 2 2

bsi b
The gradlent of AP is ——ﬂg—:——cotg and the gradient of AQ is

a(cos@—1) a

_ bsin® = —écotg . If the chord PQ subtends a right angle at the point A, then
a(cosd —1) a
. . 2 ' 2
gradient AP X gradient AQ = —1. Therefore —l%cotgcotg =-1= tangtanﬂ)- = _b_,
/ . a 2 2 2 2 a’

al al a’+b?

' , B2 52\ 242
Hence ¢ = a[l_— ——](l+——) =a2 b - But for the ellipse 5> =a?(1-e?). Thus

2 2
g =2 . So PQ passes through a fixed point T ae —,0 | on the x-axis.
2+e 2+e
13 Solution

.oxt oyt v
The normal to the ellipse — +<5 =1

a® b P(acos,bsinb)
at the point P(acosB,bsin®) has /
equation ax__ .by =a?-b?. The =2 $'(;ae0) S(ae0) \a >
cos® sin® ol/G
point G has coordinates
2 _p2 -b
(a c0s0,0 |. Therefore

=

a
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2 az_b22 2 2 .2 b22 2 2 .2
PG* =|a- cos“ O+ b°sin 9:—2(b cos“ B +a‘sin 9).

a a

But for the ellipse b* =a*(1—e*). Hence PG =a’*(1—e?)(1— e’ cos* 9).
From the other side

PS? =a%*(e—cos0)? +b?sin’ 8 =a*(1-2ecosO +e*cos’ ) = a’(1 - ecosB)?,
PS’? =a*(e+c0s0)? +b?sin’ 0 = a®(1+2ecosO+ e’ cos? 8) = a(1+ecosH)?.

Thus PG? =(1—e?)-a(l—ecosB)-a(l+ecosB) =(1—e?)PS- PS’.

14 Solution
The tangent to the hyperbola y {l

2 2 G
%—y—z =1 at the point

a b P(asecH,btan0)
P(asecH,btan9) has
equation S’ S -

-a 0 a x
xsece_ytznezl' The N
4 C
point 7 has coordinates
(0,~bcot Q). The normal to
2 2
the hyperbola f—z— - _}'T =1
a b T
at the point
) ax by 2 12 . .
P(asecH,btanB) has equation + =a“+b°. Thepoint G has coordinates
secO tanO
2,32 2,32 _
0, a_t+b tan® |. So gradient SG X gradient ST = a_+b tan@- beot b Since for
b —bae —ae
2 2,2 . . a’+b’
the hyperbola b° = a*“(e” — 1), then gradient SG X gradient ST = -——5 = —1. Thus
a‘e

SGLST and consequently G7T subtends a right angle at focus S. Similarly

2,12 _ 2,32
gradicntS’GXgradientS’T=a b tan©- bcotez_a b =

bae ae a’e? - Thus

S’GLS’T and consequently GT subtends a right angle at focus S’. Therefore

S,G,S’,T are concyclic with GT the diameter of the circle through the points.
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15 Solution

The normal to the hyperbola -)-;—g? =1 at the point P(asec,btan8) has equation
a"’ =

2 2

ax by b secG,O). Since the

sec® tan®©

. . a
=a’ +b*. So the point N has coordinates (
. a

. b . :
asymptotes have equations y=x*—x, then the point @ has coordinates
_ a

(asecB,xtbsecH). Thus the gradient of ON is

2 2 !
nbsec@-[(a b —a)secﬁ} =m%. Therefore @N is perpendicular to the
a

asymptote.

16 Solution

' . . b
Let ¢ denotes the smallest angle from positive x-axis to the asymptote y =—x.
a

Then o.=2¢ when (psg, or o =7m~2¢@ when (p>%. Therefore tanot = |tan2¢)|.

2\~
a a

2ab

2 2
a” —=b-

2tan@ |
1—tan’ @

) b
Since tan ¢ = —, then tano =
a

17 Solution

The normal to the hyperbola xy=c> at the point P(ct,sj has equation
: t

tx-—% = c(t2 ——12—) Let the point O, R have coordinates (x,,y,) and (x,,y,)

t

respectively. Since O, R lie on the hyperbola x* — y* = a?, then
(xlz _xzz)_(ylz = ¥) =02 (x, —x,)(x, +x,) =y =¥y + ;).

M

The points @, R lie on the normal to the hyperbola. Therefore

Yi= Y,

t(x,—xz)- =0,
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(2)

+ 1
t(xl +x2)—h‘t_y‘2‘=26‘(t2 —t—z)

(3)

Substituting (2) into (1), we obtain
X +x, =12y, +y,).

4)
1 2 1 2
Then (3),(4) = 12(y, )= On+y) =Tc(t2 —7):' Y+, =_t€_

&)
Using (5) we get from (4)
x, +x, =2ct.

(6)

Thus, according to (5) and (6), the midpoint of QR has coordinates (ct,f). Hence
t
the point P(ct,%) is the midpoint of OR.

18 Solution

The normal to the hyperbola xy=c’ at the point P(ct,f) has equation
t
Dc-l:c(tz——). The point Q(cq,ﬁj lies on the normal. Hence
q

1 1 )
th—£=c(t2 —t—z):(tq—t2{1+E]=O. Since Q# P, then g #t. Therefore

q= —% and Q has coordinates (—%,—cﬁ). The point R(cr,—c-) lies on the circle
t t r

on PQ as diameter. Hence gradient RP x gradient RQ = —1. But gradient of RP is

1 1
q -l——l) =-~— and gradient of RQ is 1.1 -——l———.—-—i. Thus
r t) c(r-t) rt r qj c(r-q) rq
- =—]=r? =—l. Since q=—i3, then r> =1?. Therefore r=—t, because
retg 1q t
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R = P.Sothe point R has coordinates (—ct,——:-).

19 Solution
If M(x,y) is the midpoint of AP, then x = %(sece +1) and y = -%tane. Therefore

(2x-a)’ - (2y)* =a’(sec’ 0—tan’ 6) =a*. Hence the locus of M is hyperbola

2x-a)’-(2y)* =a’.

20 Solution
The normal to the hyperbola xy=c? at the point P(ct,—:-) has equation
y , 1 . c .
Ix—==c|t"——|. The point Q|cqg,— lies on the normal. Hence
q
c , 1 2 1 .
teg——=ct’' - =>(tq—t l1+——1=0. Since Q# P, then g =t. Therefore
tq t t'q

=—i3 and Q has coordinates (—%,—ct’). If M(x,y) is the midpoint of PQ,
t

then
x—£(t+ y=-< tz—i @)
Ty, t?
c{l 1 ctf 1
and =—|-+—|=—|==1*]. 8
g Z(I q) 2(t2 ) ©
. 2tx 2y 2 y o . 2
We obtain from (7),(8) that — = —-—t=>t = —=. Substituting this formula for ¢
c c x

into (7), we get

, _C2x (xz_ 2)
2

c
x=—“(—l+£)=>x-= =4’y +cf(x* - y?)? =0.
zf_y x y 4y  x7y
X

Therefore the locus of M has equation 4x’y* +c?(x? — y?)? =0.
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