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Exercise 6.1

1 Solution

Y4 a) A slice taken perpendicular to the axis of rotation
1 is a disk of thickness 8x and radius r(x)=x*. The

slice has volume 8V = mx*dx .

ol
5

r(x)

1
s V=lim inx‘&x = Jnx“dx =
x=0 [}

_ T
Sx—0 _5.

0

... T ) )
the volume of the solid is E cubic units.

Y4 b) A slice taken perpendicular to the axis of
rotation is a disk of thickness 8y and radius

- 2 r(y) =1- J; . The slice has volume

8v =n{1-yy) 8.

v =lim On(l—ﬁ)26y=jn(l—ﬁ)zdy=jn(l—2 y+y)dy

¥2 2
=7 y_2y +y—
3/2 2 .

... T ) .
the volume of the solid is g cubic units.

“g.

cht: c) A slice taken perpendicular to the axis
of rotation is an annulus of thickness &y

with radii 7(y)=+/y and r, =1. The slice

has volume

oV = 11:(r22 - r,2)8y =n(l-y)Py.

S

! ! N1
Vzgi."},zn(l—y)SFJ“(l-y)dy=ﬂ(y—y—]1 ==
y— y=0 0

2
o
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.,. T . .
the volume of the solid is 5 cubic units.

d) A slice taken perpendicular to the axis of
* rotation is an annulus of thickness &x with

radii 7(x)=1-x* and r, =1. The slice has
volume

dV = 7t(r22 - r1.2)5x = [1 - (1 - xz)z]ﬁx = 7t(2x2 - x“)ﬁx

’i(x)r

_In

15°

1 . 23 i !
,=J7E(2X -X )deTC(T—?)O

-0

tt;e volume of the solid is -?E cubic units.

2 Solution

Y4 - a) A slice taken perpendicular to the axis of

4 . Ox rotation 1s an annulus of thickness &x with radii
‘ n(x)=4-x* and r, = 4. The slice has volume
n y=4-x . ,
N oV = 7t(r2 - r12)5x = 7t(8x2 —x4)6x.
7 () I

0 1%}/2 X

-4 |

2247
15 °

TR 2 .4 ; 2 4 8x* x° ’
V=§x1m E n(8x - X )6x=J7t(8x —-X )dxzn(————J
0

x=0 0 3 5

the volume of the solid is 224m

cubic units.
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Y4 b) A slice taken perpendicular to the axis of
N> rotation is an annulus of thickness &y with radii

”1()’) = 1/4— y and r, =2. The slice has volume

dV = 11:(r22 - 1;2)5y = [22 - (\/4_—-;)2]8)) =mydy .

4
=81.

4 4
V =lim 21w8y = Jnydy =2
Sy—0 s ° 2 A
the volume of the solid is 87 cubic

units.

Y4 c) A slice taken perpendicular to the axis of
Jds rotation is a disk of thickness 8y and radius

"()’) =2- \/4 — y . The slice has volume

NG| V=) = y-afiyy

r(y)

x=2

V=3 =[xy
Toy=0 0

Substitution y=4-y’, dy=-dy’ gives

0 72 232 0
’ ’ ’ __ ’ )’ 4)’ - 81t
V:~£1t(4+y —4-\’)’ )dy ——n(4y +—2——'72"j4—_.

the volume of the solid is 8—:— cubic units.

Y4 d) A slice taken perpendicular to the axis of rotation is
8 \ a disk of thickness &x and radius r(x)=x’. The slice
y=4- x has volume 8V = nx*dx .
—4 2 2 s|? 5
4 2 V=lim Y mx*8r = [ mxtde = _32m
V7 8x—0 ‘=0 o 5 A 5
r(x) 321
the volume of the solid is —5— cubic
)
> its.
5 7% units
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3 Solution

A slice taken perpendicular to the axis of
rotation is an annulus of thickness 8y with radii

7(y), n(y), where 5(y)>7(y) and 5(y),
r,(y) are the roots of y =2r—r? considered as
a quadratic equation. The slice has volume

8V =n(r, +rXr -1 )y

R(») X y=2r-r
r’=2r+y=0
(¥) n,=1F41-y
nL+rn=2
n=r=2yl-y

8V =4m,1-ydy
. : 1
V= éin%24n,/1— y 8y =[4ny1-ydy.
"7 y=0 0
Substitution y=1-y’, dy=-dy’ gives

j y,yz 0 8
V=—An|y dy =-4n =—.
1 3/2) 3

the volume of the solid is -83£ cubic units.

4 Solution
Y4 A slice taken perpendicular to the axis of
9 y = 6x% — 4x* rotation is an annulus of thickness &y with radii
" R(¥), r(y), where r,(y)>nr(y) and r(y),
] &y rz( y) are the roots of y = 6r%—r* considered
\ as a biquadratic equation. The slice has volume
, oV= T\'.(rz2 - )Sy .
-6 o x| ¥ x y=6r'-r*
rf—6rt+y=0
rz(y) _ 2
z=r
2—6z+y=0

7, =3%,9-y

r=va =y3-19-y

r, =ﬁ;=,[3+1/9—y .

I 1% =1t(r22 —);2)8y=2ﬂ:,/9— y dy.
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9
V= girr%)ianD— ydy= J.Zn,/9— ydy.
" y=0 0

Substitution y=9-y’, dy=-dy’ gives
=36m.

,3/z°
v——2an_dy
9

the volumc of the solid is 367 cubic units.

5 Solution
Y4 A slice taken perpendicular to the axis of rotation
1 y=smx is a disk of thickness &x and radius r(x) =sinx.
! &) The slice has volume
1(x) =i 8V =1r?(x)ox = msin® x 8x.
; = E—
-1
2 2" n?
—hmznsm x0x = Jnsm xdx = J—C(—)E——xdx _Sin2x I
Bx04 2 2 ) 4
TCZ
the volume of the solid is v cubic units.
6 Solution
v A slice taken perpendicular to the axis of

rotation is an annulus of thickness &x with
radii r,(x)= l1—cosx and r, =1. The slice

has volume
m ,y=1 &= 1t(r22 — r,2)5x = n(2 cos x —cos’ x)@x :
n(x)] Vil
n \ 3 y=sinx
0 Sx n/2 ;
/2 w2
V= ;xi_n’})gan@ cos x — cos’ x)6x = ‘([n(Z cos x — cos’ x)dx
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2 1+cos2x x sin2x " n?
=J1\: 2cosx————\dx =T 2sinx — —— ) =20 - —.
0 2 2 4 0 4
th
the volume of the solid is 27 y cubic units.
7 Solution
' Y\A A slice taken perpendicular to the

axis of rotation is an annulus of
thickness 8y with radii (y), r(»),

where r,(y)> r(y) and n(y), n(y)
are the roots of (r - 1)2 +yt=1

considered as a quadratic equation.
The slice has volume

5V=7t(r2+rl)(r2—t])8y.
(r—1)2+y2=1
r’=2r+y?=0

1y =1F 1=y

n+n=2

n—n=21-y’
] 1
V= l%irr(l)z47t1/1— y? 8y = J.47t1/1— yidy.
"y -1
Substitution y =sin@, dy=cos@d@ gives

w2 /2 /2
V=4n j,/l—sinch cosQdQ = 4n J cos’ @do = 4n j 1+C%chd(p

~/2 -2 -n/2
: 02 T2

= 27t((p + 20 (pj =2n.

\ 2 —n/2

the volume of the solid is 27? cubic units.

7SD Solutions Series




8 Solution
vt . A slice taken perpendicular to th
e (~1) +=-=1  4is of rotation is an annulus of )
T g thickness 8y with radii 5(y), r,(y),
g e p) 5 where r,( y)>n( y) and r, (»), n( y)

- . 2 y?
/ are the roots of (r—1) to=1

i considered as a quadratic equation.
2 1 0 1 2y The slice has volume

8V =n(r,+nrXr,—1)y.

| (r-1y +2-=1
Mt 2 r2—2r+7=0
n(y) ) -

.
A r,_2=1:3/1—yT

v

y

]—=—

8V =2m\J4- y* 8y.
2 2
V= gn})22n1/4— y 8y=[2mfa-y? dy.
¥ y=2 -2
Substitution y =2sin¢@, dy=2cos@d¢ gives

V=4n H4 4sin’ @ cos@do=8n I cos’@do =8n I 1+c;s2(pd(p

-n/2 -n/2 -n/2

in2 /2
= 41t(<p+ on (p}l =4n’.
2 —-n/2

the volume of the solid is 4n* cubic units.
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Exercise 6.2

1 Solution

Y4 a) The typical cylindrical shell has radii y, y+ 8y,
1 : and height h(y) = l—f;. This shell has volume
y=x '
; % =1t[(y+5y)2 - yz]h(y)=2ﬂ(1—f;)y5y
A1 Y
T LAY 2
0 K \\ X (ignoring (8y) ).
1 s V= lj_rf}) 22n( \/—; )y dy = 21tj (1 - \/—): ) ydy
- 0
h(y) 2 s\
= 2n(l— - y—) =I
2 5/2 o 5
the volume of the solid is —153 cubic units.
Y4 x=1 b) The typical cylindrical shell has radii
oS n(x)=1-x, r(x)=1-x+8x, and height
| YA h(x)= x. This shell has volume
h(x) =2 1 vV = n[(l—x+5x)2 —(1-x)2]h(x)
0 = 7 % = 2mx*(1- x)8x (ignoring

1
V= giﬂgézm?(l — x)8x
1

r
2

! 3 4
= 2njx2(1—x)dx = 21{"——"—]
: 3 4

... X ; )
the volume of the solid is E cubic units.

0

YQ“ c) The typical cylindrical shell has radii x,
x+8x , and height h(x)= x*. This shell has

volume

h(x) 3V = n[(x +8x) - xz]h(x) =2mx’ §x

—» . . 2
X (ignoring (8x)").

—l1m221tx & = 2njx dx

=21tx— E—.
4 2

0
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. T ) )
the volume of the solid is E cubic units.

Y4 d) The typical cylindrical shell has radii
2 r,(y)=1—y, rz(y)=1—y+5y, and height

h(y)=1-+[y . This shell has volume
8v =nf(1- y+8&) - 1=y} |n(y)

n(y) \ / =2n(1—y)(1—ﬁ)5y
Y - (ignoring (Sy)).
0 1 X .
H(y) s V= gyl_lg);oZn(l - y)(l - J;)Sy

=21cj (1- y)(1—J§)dy

the volume of the solid is Z—? cubic units.

2 Solution

Y4 .y a) The typical cylindrical shell has radii y, y + 8y, and
o el height h(y)=2-+/4—y . This shell has volume
by oV =1c[(y+5y)2— yz]h(y)=21t(2—,/4— y)ySy
Yy
P \ (> (ignoring (8y)).
0 i 7 X 4
A\ j s V= g}_%éZn(Z —J4- y)ySy
-4 4 '
=2n[(2-4-y)ydy.
0

Substitution y=4-y’, dy=—dy’ gives

V= -21:} 4- y')(2 - J?)dy' = 21:] (8-4y"* 2y +y™¥*)dy’
4 0

4
, 4y/312 " yISIZ
—onl 8y - 2X
(y 32 7 7512,

_ 224n
15

the volume of the solid is 224m cubic units.
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b) The typical cylindrical shell has radii x,
x+0x, and height h(x)= x?. This shell has

y= 4-x* volume

hx) dV = n[(x + 8x)2 - xZ]h(x) = 27tx’ &x
(ignoring (8x)2 ).

TOTIT

[*d

8c—0

2 2
X s~ V=lim Y one Sy =2n [ £ dx
x=0 0
x42
=2n—| =8m.
4 0

the volume of the solid is 87 cubic units.

x=2 c) The typical cylindrical shell has radij
n(x)=2-x, r(x)=2-x+8x, and height
h(x)= x. This shell has volume

Y 4

8 = nl(2- x+8x) - (2- %) |a(x)
0 2 4 (ignoring (8x)2 ).
n(x) 2
14 =£_rg§2nx2(2—x)5x
=21 [x*(2-x)dx =2n 2"——5—) il
) 3 4 3

the volume of the solid is S?R cubic units.

d) The typical cylindrical shell has radii I (y) =4-y,

n(y)=4-y+38y, and height h(y)=2~[4—y . This
shell has volume

'\f”' 8V =nl(4-y+&) - (4~ y) ()

) =2n(4- y)(2 - \/Z—_y)Sy (ignoring (8y)2 ).
V=lim i2n(4 ~y)2-a=y )8y
W) | X L7

= 21tj(4 - y)(2 - m)dy .

0

Substitution y =4—y’, dy =-dy’ gives
4

9 2 52
14 =—2nj_y'(2—\/7)dy':2n[2.y__ y ] _
4

2 512,

327

Pt

the volume of the solid is 32Tn cubic units.
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3 Solution

The typical cylindrical shell has radii x,
y=2x—x° x+ 8, and height h(x)=2x-x". This shell
has volume
= 2 _ 2 = - x?
W) 8V = n[(x +8x) —x ]h(x) = 2Tcx(2x x )Sx
(ignoring (Sx)2 ).
2
X oV =£_r%227tx(2x—x2)5x

x=0

= 21tj;x(2x-—x2)dx = 2“{2.%3_%4_]

0

the volume of the solid is %E cubic units.

4 Solution

The typical cylindrical shell has radii x,
x+ 8, and height h(x)=6x —x*. This shell
has volume

oV = n[(x + 6x)2 - xz]h(x) = 2‘ir.x(6x2 - x4)6x

(ignoring (in)2 ).

V6

Js 4 6
=2njx(6x2 —x“)dx:zn(é-f——x—) =367
) 46 )

the volume of the solid is 367 cubic units.
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5 Solution
Y A

The typical cylindrical shell has radii x,

_________ . x +8x , and height h(x)=sin x . This shell
X . has volume

oV = n[(x + 5x)2 - xz]h(x) = 27xsin x &x

(ignoring (Bx)2 ).

w2 w2
V=lim ) 2mrsinx 8x =27 [ xsinxdx
&x—0
x=0 . 0 ’
w2

= —27tjxdcosx

0

0
the volume of the solid is 27 cubic units.

2
: 2 . 2
:—2n(xcosx|0 - Jl-cosxdsz 2msinx| =27,

6 Solution

The typical cylindrical shell has radii

T
r,(x)=—2——x, n(x)= g——x + x, and height
o h(x)=cosx .

This shell has volume

2 2
N 5V=n[(£—x+5x) —(E—x) Jh(x)
— 2 2
X
= 27t(E - x)cosxSx
2

(ignoring (8x)").
/2 o 2 T
V = lim Z2n(——— x)cosxSx =271 J (— - x)cosxdx .
&0 = 2 o 2

S T .
Substitution x = P x’, dx=—dx’ gives

0 o2 o2
. 2
V==2n J x’sinx’dx’ =-2x J.x’ dcosx’ = —2n(x’cos x’lo - J.l-cos x’dx’]
2 0 0

2:271:.

the volume of the solid is 21t cubic units.

= 27w sinx’

L7
0
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7 Solution
Y4 The typical cylindrical shell has radii
S x, x +8x . Height of the shell is
(e- 1)2 +yr=1 obtained from

(x—l)2+y2=1

'/

\ A(x) y =1-(x-1)

1 5 ; h(x)=2y =2y1- (x—1) .
The shell has volume

— dV = n[(x + 6x)2 - xz]h(x)

= dmey1 - (x— 1) x
(ignoring (Bx)z).
2 2
% =£%§64nx,/1—(x-1)2 8x=4n£x,/1-(x—1)2 dx .

Substitution x =x"+1, dx =dx’ gives
1 1 1
V=an [ (¢ + IV~ x dr’ =4an [ x'V1-x"? dx’+ 4n [V1-x dx’.
1 -1 1

The first integral is equal to zero since the integrand is odd. Substitution x” =sin @
dx’ = cos@d@ into the second integral gives

V=4n J‘w/l—sm ¢ cospdp = 4nj cos’@do =4m I 1+C;)52(Pd(p

—n/2 -n/2 ~n/2
o n2

= Zn(cp + 20 (P] =2r".

2 -n/2

the volume of the solid is 27t cubic units.

o7 AN N

<2
=

2
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8 Solution

The typical cylindrical shell has
‘ . radii x, x +ox . Height of the shell
( — 1)2 + Yy _ 1 is obtained from

2

b

2
T C—E 4 (x - 1)2 + —y4— =1
i ~ P =afi- (x-1) ]
i A h(x)=2y = 441~ (x -1} .

: | The shell has volume
) 1 | 1 D ;( SV = n[(x + 8x)2 - xz]h(x)

= 8mxy/1— (x 1) &

(ignoring (&c)2 ).

2
x V:g_%;sm/l—(x—l)zax
: 2
= Banwfl —-(x—l)2 dx.
0

Substitution x=x+1, dx=dx’ gives
1 1 1
V=8n(x +IVi-x2 d' =8n [ x'Vi-x? dx'+8n[V1-x7 dx’.
-1 -1 -1

The first integral is equal to zero since the integrand is odd. Substitution x" =sin¢@,
dx’ =cos@d@ into the second integral gives

2 2 i
V=8n Jm COS(Pd(p:gTC j COSZ(pd(p:Bn; J' Hi;)_sl(gdcp

~-n/2 -n/2 -n/2
n/2

= 4n(<p + 51“22(") = 4m?,

-n/2

the volume of the solid is 47? cubic units.
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Exercise 6.3

1 Solution
a)

s(x)

v

<y

-s(x)2 0 s(x)/ 2

The slice is a square with area of cross-section A, thickness &x .
A(x) = 5(x)
s(x) =249 x*
A(x) = 4(9 - xz).
The slice has volume
oV = A(x)Bx = 4(9 - x2)5x }

Then the volume of the solid is

3 3 1\
T 2 _ .2 _ N .
V-£_rg)§g4(9 x )5x—4:[(9 x )dx-4(9x 3) 3—144.
the volume of the solid is 144 cubic units.
b)
Z A Z A

50 B ey

v

@) 0 ) ¥

The slice is a semicircle with area of cross-section A, thickness ox.

e

r(x)=+9-x*

7SD Solutions Series
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71'.(9 - xz)
Alx)=——— 1
()=
The slice has'volume

N
oV = A(x)Sx :Mar )

2
Then the volume of the solid is
3 3 3
V =1lim ( x——j 9x——x— =18xw.
5x—->0I = 3 >
the volume of the solid is 187 cubic units.

2 Solution
a)

s(x)

The slice is an equilateral triangle with area of cross-section A, thickness &x .

JIANRCEC

2
’ x
=2./1-—
xl
A(X) = \/3(1 - T) .
The slice has volume
2
3V = A(x)dx = ﬁ[l —54—) &

Then the volume of the solid is

g e o2 -5

x-—2

2

T .

the volume of the solid is i cubic units.
NE)
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b)

s(x)

v
;|

X ~s(x) 0 &) v

The slice is an isosceles right-angled triangle with area of cross-section A, thickness
Ox .
A(x) =5 (x)

s(x) l——

X
A(x)=1- T
The slice has volume
2
8V = A(x)dx = (1 —%JSx.

Then the volume of the solid is

2 2 3\
V=1im2[l—-———)8x I(l——)dx=(x—x—J| =5,
w0 =\ 4 4 43), 3

the volume of the solid is % cubic units.

3 Solution
Z A
A

8leIIIIIIIIII JTHTITIT

z V4
> D E
X 0 ez)
Y r r

Slicing the cone parallel to its base gives circular slices of radius p, thickness 8z , and
z is the height of the slice above the base.
BC _AB

AABC W AADE = =>B=ﬂ=>p=m.
DE AD r h h
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The slice has volume
2
OV =mp?(z)dz = n(%) (h—2z) &z.
Then the volume of the solid is } _
h r 2 2 (l‘)z % 2

V=1l —i1(h-2) 0z=mn] — h—1z) dz.

1mz=on(h) (h-z) & P ,(‘;( )
Substitution z=h—z", dz=—dz’ gives :

, 2 0 - 22,30
- I 12d /:_n o
1% n(h) '[z Z (hj 3

R

4 Solution

8z )

v

p(z)

Slicing the hemisphere parallel to its base x>+ y* = r” gives circular slices of radius
p, thickness 8z , and z is the height of the slice above the base. The area of cross-
section of the slice is

A(z)=mp*(z)
o(e) =7 -2
A(z) = 1t(r2 - 22).
The slice has volume
8V = A(x)dz = 1t(r2 - 22)52 .

Then the volume of the solid is

v =1im n(r2 —~ z2)82 = 1tJr‘(r2 - zz)dz = n[rzz —%SJ

8z-0
L z=0 0

r

_2nr’
T

0
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5 Solution

a)

2s(x)

-s() O )Y

The latus rectum of the parabola y* =4x is the line x = 1. The slice is a square with
area of cross-section A, thickness &x.

A(x)=(2s(x))’
s(x)= 2Jx
A(x) =16x.
The slice has volume
8V = A(x)8x =16x8x.

Then the volume of the solid is
1 1 2!
V=lim Y 16x8r =16[ xdr =16 =8.
&0 =0 0 2 o
the volume of the solid is 8 cubic units.

YA

), s(x)

—s(x)/2 0 s(x)/2 Yy

The latus rectum of the parabola y? =4x is the line x = 1. The slice is an equilateral
triangle with area of cross-section A, thickness ox.

7SD Solutions Series
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V353(x)

A(x)= 7
s(x) = 2\/;
A(x) = 4\/—3- x.

The slice has volume

oV = A(x)Bx =43 x8x.
Then the volume of the solid is

1 1
% =g%2164«/§x5x =4«/§£xdx =4«/§%2 =243 .

0
the volume of the solid is 2«/-3- cubic units.

6 Solution
a)
Z 4 Z A
z=4Jrt =y r(x)
. 0
/ X  -@ 0 )
6 .
‘/ Y x=4

2 2

The latus rectum of the hyperbola % - ly—z =1 is the line x =4. The slice isa

semicircle with radius r, area of cross-section A and thickness &x .

The slice has volume
2
8V = A(x)dx = 611:(%—— 1)& .

Then the volume of the solid is
4

=167,

4. x2 4 X2 x3
V=lim Y 6m ——1|8x=6n[| ——1|dx =61 —-x
w0 | 4 )| 4 4.3

the volume of the solid is 167 cubic units.

2
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b)

The latus rectum of the hyperbola % "iyE =1 is the line x =4. The slice is an

isosceles right-angled triangle with area of cross-section A, and thickness ox.

(2]

s(x)=2-12 3‘41—1
A(x)=12(f41—1).

The slice has volume

Then the volume of the slice is

2

8V = A(x)8x = 12(%-1)&:.
o
x2

8V = A(x)dx = 12[—4-— 1)8;:.

4 2 4/ .2
V=lim Y12 = ~1 |8 =12f| =1 |dr=12[ T—-=x
w0t | 4 4 4.3

‘ s(x)/2

21

3

the volume of the solid is 32 cubic units.

7 Solution

4
2(y)=1--y

7SD Solutions Series

v

0

4
1 =32.
2

1)

X -1(x)/2 0

1(x)/2

v

v

s(x)/ 2 Y
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The slice is a parabolic segment with area of cross-section A, thickness ox. To
calculate the area of the cross-section we need to deduce the equation z(y) of the

bounding parabola. We have
z(y)=a+py’
z(yjyzo =l =a=l

2

z(yj_y=i£=0 :>Z+B(é) =0 = B=—

4
z(y)=l—7y2-

The area of the segment is

12 12 4 .
A= Jz(y)a’y: J (Z—Tyz)a’y.

=12 =12

Integrand l—% y* is even
T oom 3
4 4y
L A=2|[I——yr ldy=2|ly——=
[l-iJor{o-3%)
Then, l(x)=2\/4—x2 ,

A(x)_:%-(z 4—x2)2=§(—4%x—22.

i

202

=5

0

The volume of the solid is

: 2
oV = A(x)5x = 8—(%5—)& .

_ 2
VelimS S—(i—i—)5x=§f(4-x2)dx=§(4x—ﬁj
34 3

80 = 3

the volume of the solid is 23—6 cubic units.

8 Solution

a) Let the area enclosed by the ellipse

2 2
x° y . .
__2+_bT =1 is the sum of areas A, and A4,, i.e.

SRS
+
e,
I
—_

A=A +A,, where A = A,.The area A is

a X 2
enclosed by the curve y(x) = le - _x_2 and the
a

a 2
x -axis. Hence A, = Jb 1——27dx._

Substitution x =asin@, dx =acos@d gives
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2 2 X2
4 =ab JVI—SiHZ(PCOS(Pd(P=ab JcoszCPd(P=ab j ——————Hcgschdcp

-71t/2 -1t/2 -n/2
) x/2
ab ( sin 2(p) nab
= — (P + —_—
2 2 )., 2
A=2A =nab.
b)
z! 7zt
yz ! b(x)=2a(x)
“Ftoy =1
a b
X ) O o) Y

23

The slice is a semi-ellipse with semi-minor axis a, semi-major axis b, area of cross-

section A, thickness ox.

pTeb
2
b=2a

A=ma?.

a(x)=va-x*
A(x) = 11:(4 - xz) .
The volume of the slice is 8V = A(x)dx = n(4—x2)5x .
Then

V= g_r%;n@—xz)& =7 j(4—x2)dx = n(4x—%3)

-2

the volume of the solid is é—i—mcubic units.

7SD Solutions Series




24

Diagnostic Test 6

1 Solution

Y4 a) A slice taken perpendicular to the axis of
Al rotation is a disk of thickness &x and radius

r(x)=1- Jx . The slice has volume

8V =n(1-x) 8x.

T

—G ¥ =1
r(x) y=im
ox ' : :
i > - 2 2
0 1 X V=§x1_rgx=on(1—-\/;)6x=_£n(l—\/;) dx
I 32 2 !
=1rjf( 2\/;+x)dx T x— 2-x—+f— =E.
5 3/2 2 . 6
the volurhe of the solid is —g— cubic units.
Y 4 b) A slice taken perpendicular to the axis of
' 1l & rotation is an annulus of thickness &x with
‘ radii 5(x)=+x and r, =1. The slice has
n y= Vx volume
a@)| LN 8V =n(ry - )8x = (1 x)dx.

= hm Zn(l x)6x In(l - x)dx

... T ) .
the volume of the solid is 5 cubic units.
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2 Solution
Y4 A slice taken perpendicular to the axis of
1 2 s+ rTotation is an annulus of thickness 8y with radii
y=2x"—-4x

R(¥): 7(y), where r,(y)> () and 5(»),
r,(y) are the roots of y=2r?~r* considered

as a biquadratic equation. The slice has volume

oV = 1t(r22 - r,z)Sy :

n(») 2% y=2r"=r*
r‘-2rt+y=0

n(») ;7
z=r
22-2z+y=0

5, =1%41-y
r=yn =y1-4/1-y
r2=\/z=,/1+1/l—y.
: 8V=7t(r22—r,2)5y=21|:1/1—y8y.
1
V=%in%z]:21t,/l—y8y=J.21t1/l—ydy.
" y=0 0

Substitution y=1-y’, dy=-dy’ gives

0 s
= ., 4n
v=-2n[y dy =—2n——l§/2 =
1 1

3

the volume of the solid is %t cubic units.

3 Solution
Y A

a) The typical cylindrical shell has radii x,

x+8&, and height A(x)=+/x . This shell
has volume

;( oV = n[(x + Sx)2 - xz]h(x) =2mx¥? §x
(ignoring (8x)°).

x= 0
sz !
512 5
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.,. 4m . .
the volume of the solid i1s — cubic units.

b) The typical cylindrical shell has radii
rl(x)= 1-x, rz(x)= 1—x+0x, and height
h(x) = \/; . This shell has volume

h(x)

oV = Tt[(x + 6x)2 - xz]h(x) = 211:(1 - x)\/; ox

(ignoring (Eix)2 ).

14 =£3izn(1—xw§6x

x=0

1
_8n

15

3/2 5/2

1 x3/2 x5/2
=27tj(1—x)J;dx=2n(—— ]
0

0

... 8T . .
the volume of the solid is — cubic units.

4 Solution .
Y 4 4 ) The typical cylindrical shell has radii y, y+8y, and
Y | il height A(y). We have
né | Sy y=x-x’
y / , xt—-x+y=0

> .-
X Y2 = = ; e :
1 o h(y)=x—x=41-4y.
— o This shell has volume
hy) |
e

oV = TI:[(4— y+ Sy)z - (4— y)z]h(y)
=2my,/l1-4y 8y (ignoring (Sy)2 ).
V4 14
1% =gin})22m,/1—4y Sy=2m [ y1-4y dy.
"7y=0 0

— v’ 1 .
Substitution y = l%, dy= ——Za'y’ gives

3/2 5/2 30°

1
.,. T , .
the volume of the solid is — cubic units.
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5 Solution

Z A ZA

v

X -5(x)

The slice is a triangular segment with area of cross-section A, thickness &x .
A(x)=5'(x)
s(x)=Vo-x*
A(x) =9—x?.
Hence the volume of the slice is 8V = A(x)8x = (9~ x*)8x .The volume of the solid is

3 3 3
v =lim 3 (9-x)8 = [(9-x")dx =2 (9~ ") ax
=3 3 0

3 3
= 2(9x - L)l = 36
3 0

the volume of the solid is 36 cubic units.

6 Solution
Z Ar Z A
s(x)
/4
/7
, . -
’
-2 1 X -s(xy2 0 s(x)/ 2 {(
x & £+ ¥ =1
Y 4

The slice is a square with area of cross-section A, thickness &x .
A(x) =5 (x)
s(x) =4~ x*
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A(x)= (4— xz).

The slice has volume
oV ='A(x)8x = (4 - xz)ﬁx .

Then the volume of the solid is ,
' 2 2 E
9 e )

the volume of the solid is %’z—cubic units.

2

32

-2

3
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Further Questions 6

1 Solution

a)
Y4 i) A slice taken perpendicular to the axis of
1 rotation is a disk of thickness &x and radius
r(x)=1Inx . The slice has volume
y=Inx 2 2
r(x) 8V =nr’(x)dx =7ln’x8x.
G—
0 1 e X
-1 V=limi1tln2x8x=j1tln2xdx
Sx—0 o d
=nxIn? x|¢ - nj(2lnx-—l-)xdx
1 " x
= 1te—21t_[ln xdx = ne—21t(xln x|l‘ - jx-—l-de = —ne+21tx|: =n(e-2).
x
1 1
Y4 r(y) ii) The typical cylindrical shell has radii y,
1 y +8y, and height h(y) to be found. We
y= Inx 8y have
‘ y=Inx
Yy Y
- [, x=e—h(y)
R R
S \ﬂ y=In(e-h(y))
. h( }’) =e—e’.
-1 The shell has volume
oV = nL(y + 5y)2 - yz]h(y) = 21t(e - e’) y dy

(ignoring (Sy)2 ).

V = lim l 21t(e—e’)y5y=21tj(e—e’)ydy
0

Sy—0 =0
1

=2[% !ydey}ﬂn[g_(yey_ey)|;}=n(e_2).

the volume of the solid is nt(e—2) cubic units.
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TITITITIL

\4

1) A slice taken perpendicular to
the axis of rotation is an annulus
of thickness &y with radij

rn()’)= e’ and r, =e. The slice
has volume

oV = 7t(r22 - r,2)5y = Tt(e2 - eZ’)Sy

ii) The typical cylindrical
shell has radii x, x+8&x, and
height

h(x) =Inx.
This shell has volume

(ignoring (Sy)2 ).
V= g_rgz2nxlnx6x

—Zanlnxdx 2nJ.lnxd7 —2n[lnx—

1

ej:g(62+l).

oV = n[(x + 6x)2 - xz]h(x)

=2nxInx Ox

el 2 le
J,.; % x]—2n[%—zjxdx}

the volume of the solid is Tt(e2 + 1) cubic units.
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2 Solution
a)
Y4 i) A slice taken perpendicular to the axis of
201 rotation is a disk of thickness &x and radius

r(x)=e—e*. The slice has volume

8V =nr*(x)dx = n(e - e")2 ox.

1

1 V=£To n(e—e‘)25x=j;1t(e—e‘)2dx

>
> x=0

= nj (e2 ~2¢" ¢ ez‘)dx
0
1
= 11:[xe2 -2+ %] = %(—e2 +4e—- 1) .

ii) The typical cylindrical shell has radii
r,(y)=e— Y, rz(y)=e— y+dy, and
height A(y)=In y. This shell has volume

{ —
G V=€
rl(y) N Faauanen y=¢ 5V=1t[(e—y+5y)2—(e—y)2]h(y)
| o =2n(e- y)ln y 8y (ignoring (Sy)2 ).
0 1 g e
h(y) X s V= §}E‘o Y 2n(e— y)in y 8y

y=l

[ [ - 2
=21tj(e— y)ln ydy=—21tjln yd(iil)—
1 1

= —21t[~(f—_—y-2-2- In
2

‘. Y el 2 2\
y —Iu-—l—dy =1tj.(e——2e+y)dy=1t(ezlny—2ey+y—]
1 2 1 y 2

I Y 1

=§(—ez +4e—1).

the volume of the solid is g(—e2 +4e— 1) cubic units.
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b)
Y4 i) A slice taken perpendicular to the axis of
rotation is an annulus of thickness 8y with

radii (y)=1-Iny and r,=1. The slice has

¢ ™ volume
oV = 7t(r22 - rf)&y = n[l ~-(1-In y)2]5y .
oy _ ‘
1 X V= g;quZn[l- (1-1ny)Joy
0 1 2 ¥ .
69, = j[ (1-Iny) ]dy n'[ 21ny In y)d

y

=n{e—2j(1—1n y)dy}:n[e—2y|:+2'l|€ln ydy]=[2—;+2[yln y|l‘—lj§-ydyn
=n[2+e—2jdy]=n(2+e-2y|f)=n(4—e).

Y4 | r=1 ii) The typicél cylindrical shell has radii
: : r1(x)=l—x,rz(x)=1—x+5x,and
e = height h(x)=e—e". This shell has
. et § volume
&) y=eBfontun| 8V = nf(1-x+8x) - (1~ 1) ()
1 > - = 21t(1 - x)(e — e")Sx
0 1 2 ; (ignoring (8y)").
ri(x)

_11%2%(1 xYe—e*)dx
=£21t(1—x)(e—e’)a’x

=2nTej;(l—x)dx—':|;(l—x)e‘de 27t[e(x———J

=2n:—;——((l—x)e j(—l) "dxﬂ [ +1-¢*

the volume of the solid is (4 — ) cubic units.

j (1- x)deJ
] n(4—e).
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3 Solution

i) It is convenient to split volume V of the
solid into volumes V, and V, (see figure).

1) volume V;:

A slice taken perpendicular to the axis
of rotation is a disk of thickness dy and radius

r(y). Deduce the equation of r(y):

_— = r= —1~—l
r(») ‘ Y 1E y

The slice has volume

>y

\
8V,=1l:r2(y)8y=1t(—l-——l Oy.
y

Hence

e[ i1 l 1
Vi %;_rgy%n(y 1)8}1 ni(y I)Sy n(ln y y]x n(ln2 2).
2) volume V,:
This volume is a cylinder of radius r =1 and height % . Thus
v, L.
2 2
V=V+V,=xln2.

: ii) The typical cylindrical shell has radii x,
Y=l s x +8x , and height h(x)—
%_h(x) has volume 2 -
: 8V = (x+&) - x* |(x)= St
T&x i ; (ignoring (8x)2)
I
: V—g_rg =1+ x* 5x njl+x

Substitution z =1+ x?, dz =2xdx gives
2
V=nj£=nlnzllz=nln2.
1z

the volume of the solid is ®In2 cubic units.
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4 Solution

i) It is convenient to split volume V of the
solid into volumes V| and V, (see figure).

1) volume V;:

A slice taken perpendicular to the axis
of rotation is a disk of thickness 8y and radius

r(y). Deduce the equation of r(y):

-1 0 1 ;{ _'y=e"'2 = r=,-Iny
r (y) The slice has volume
8V, =nr’(y)dy=-nlnydy.
Hence
Vi= hm Z(—-nln y)5y = —njln y oy = —n(yln y yj = n(l—z)
e
2) volume V,:

This volume i 1s a cylmder of radius r =1 and height e™'. Thus

n
V2=TC'(1 ;Z;

V=V+V,=n(l-¢").

i) The typical cylindrical shell has radii x, —
x+8x, and height h(x)= ™ . This shell has
volume

h(x)

SV = Tc[(x + 6,\:)2 - xz]h(x) = 2mxe™* &x

X (ignoring (23x)2 ).

1
= lim ZZTcxe Sx=2m [ xe™ dx
0

x—O

1
-—2 -—
=1cje *dxt=-me™*

the volume of the solid is 11:(1 - e") cubic units.
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5 Solutioh

1 i) A slice taken perpendicular to the axis of
y=tan x rotation is an annulus of thickness 8y with

........... radii r(y)=tany and r, =1. The slice has
TTIITIIT] Sy

volume
i : > V= 11:(r22 - rlz)Sy = 11:[1 — tan’ y]5y
-1 0 16)) 1 X

n

—hmZn(l tan y)5y

y=0

smyd( 1 )
cos y
2

% %
T sin y 1 . n? T
=—=—T - dsiny |[=—-n+n|dy=—(n-2).
4 [cosy0 !cosy yJ 4 !y 2( )

=7 (1 — tan’ y)dy

O'—:x

—n‘[d —nJ.COS y

ii) The typical cylindrical shell has radii x,
x+8x, and height h(x)=tan™ x . This
shell has volume

V =nf(x+ &) - 52 |h(x) = 2mr tan™ x&x
(ignoring (Gx)2 ).

1
T -1
V—£%§62nxtan xox

1 1
= ZnI xtan~' xdx = nI tan™" x dx’
0 0

L2 L(1+x%)-1 (o
=1t[x2tan"x|;—!1:x2dx]=nli§—‘[%c)z—‘d{|=nl:§_]dx+}[1iz]

0 0
= n[%—xu) +tan™! le] = —125(11:—2).

the volume of the solid is g(n - 2) cubic units.
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6 Solution

Y4 1) A slice taken perpendicular to the axis of
N e 7 rotation is a disk of thickness 8y and radijus
a X+y=~a .

r(y). Deduce the equation of r(y):

Vrefy=Va = r=(Va- ).

The slice has volume

—:a 0 a

; 5V=1tr2(y)5y=1t(«/a——\/;)4 dy.
r() N
V= gyl_rg 2. n(«/;—\/;)4 dy

=7tj‘(«/;—\/;)4dy.

Substitution y = a(z+1)°, dy=2a(z +1)dz yields

V= énaj[«/;f«/;(z + 1)]4 (z+1)dz = 27ta3jz“ (z+1)dz = 2na3(%6+%5)

0

-1

ii) The typical cylindrical shell has radii x
x+0x, and height h(x).

NI
) Wx)=(Va—x).
: —+ This shell has volume
- X oV = n[(x + 5x)2 - xz]h(x)
=27x («/c—z - «/;)2 ox (ignoring
(5x)2 ).

v =£3%i2nx(«/2—«/§)28x=2njx(JZ—«/§)2dx.

Substitution x = az®, dx = 2azdz yields

l 2 ' 2 72 2
V=47ta3£(1——z) z3dz=41ta3£(l—22+zz)z3a’z:4M3(I—2~—5—+— =

3
the volume of the solid is %— cubic units.
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7 Solution
Yt Y=g i) Latus rectum of the parabola
V=dax y? =4ax is the line x=a. A slice
2a s ey taken perpendicular to the axis of
5 : rotation is a disk of thickness &y and
2
radius r(y)=a- :— The slice has
; X . a
i ~ volume
0 , a j e X 5 2
SV =nr’(y)dy=n|a—=—| &y.
| () ( 4a] Y
Ry P N - S ’ Hence
2a 2\?
() V =lim Tt(a - _y_) dy
Sy—0 4a

Substitution y =2az, dy =2adz gives

V= 21ta3_l[(1— 22)2 dz =41ta3_l[(1—2zz + z“)dz
-1 0

1
=4na’(z—2--z—3—+z—s)1 _ 32’
3 .
0

5 15
Y4 Y=g ii) Latus rectum of the parabola
Y =dax y? =4ax isthe line x=a. The
2a e typical cylindrical shell has radii

5 / ’i(x)=a—X, "z(x)=a—x+5x,

and height h(x)=2-+/4ax . This
; » shell has volume
0 a 2a X SV = Tl:(rzz _ I]z)h(x)

=8n(a— x)x/;&c

(ignoring (Gx)2 ).
G s V=lim §8n(a—x)\/;8x
= SRJZ j (a - x)«/_x_ dx

0

h(x)

a

_ 32na’
T 15
0

3

¥2 5/2
=8nﬁ[ax x)

3/2 5/2

cubic units.

the volume of the solid is 32na
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8 Solution

1) A slice taken
perpendicular to the axis
of rotation is an annulus
of thickness 8y with

radii r(y), r,(y), where

5(y)>n(y) and £(y),
r ( y) are the roots of

2
(r - b) +y' =a?
considered as a quadratic

n(y) equation. The slice has
volume

3V =n(r,+1)(n, —1)8y.
We have
(r —'b)2 +y'=a?
r2—2br+b2—a2+y2 =0
Uk =b$\/a—2:?
hHtn=2b
n-n=2fa' -y
% =4ch1/a2 - y* dy.

V = lim 4nb,/a —y 8y = 4nbj,/a —yldy= STCbJW/a ~y dy.

6)—)

Substitution y = asing, dy=acos@d@ gives

1+ 2
V= 87ta2bJ'\/1 sin’@ cos @ dp =8na bJ cos’ de =8na bJ C;S (pd(p

n/2

= 47ta2b((p + sin Z(P) =2n’a’b.
2 0
Y4 1) The typical
N cylindrical shell has
(x- b)2 +y?=ad radii x, x+0x. Height
a of the shell is obtained

-b—a:"‘._‘ -b ) b-a\

Jffi:fj:_',:m

from
\ h(x) (x—b)2+y2 =a’
2
X

y* :a2~(x—b) =

=2
=2
+
]
v

&}m“'
\

h(x)=2a" - (x-b) .

The shell has volume
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8V = n[(x + Sx)2 - xz]h(x)

= 41t.x1fa2 —(x- b)2 ox
(ignoring (Sx)z)

—hm 24nxw’a —(x b) ox = 47tb]a w’a —(x b) dx .

X— a

Substitution x = x"+b, dx = dx’ gives
V= 41t‘J‘ (x’ +bWa?—x"dx’ = 41cjx’Va2 -x? d‘x’+4‘ﬂ:bj\/a2 —-xdx’ .

The first integral is equal to zero since the integrand is odd. Substitution x’ =sin @,
- dx’=cos@d into the second integral gives

V= 41ta2bj‘,/1 sin’ @ cosQdo = 81ta2bj cos’ @ do = 8ma bj 1+c;>s2(pd(p

-r/2

= 4ng? b((p N sm22(p)

the volume of the solid is 2r?a’b cubic units.

=2n2a’b.
x/2

9 Solution
4 a
,é'vv ) 74 74
s(x)
7

} /7

o -

-

-a a ik X -s(x)y2 0 s(x)/2 \;
- oax X+ yz =at

The slice is a square with area of cross-section A, thickness &x.
A(x)=s*(x)
s(x)= W -2
A(x) = 4(a2 - xz).
The slice has volume
8V = A(x)dx = 4(a2 - x2)8x.
Then the volume of the solid is

V= elbiln)0 2‘1“4(a2 - xz)ﬁx = 4_]:(a2 - xz)dx = 4(a2x —%JJ’— = 163a3 .

X==a
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3

the volume of the solid is cubic units.

b)

The slice is a semicircle with area of cross-section A, thickness ox.
2
¢ Tro(x
A(x) = ———2( )

r(x)=a - 2’
7t(a2 - xz)

s Alx)=————,

A=
The slice has volume

2.2

5V = A(x)8x =-73(a—2—x—)6x .

Then the volume of the solid is

. 2_ .2 a
V =1lim Mﬁngj(az—xz)dxzﬁ(azx—ij
80 2 2 2 3

x=—a

3

the volume of the solid is cubic units.

10 Solution
a) V

4y
uh,

7-5"-.
-a b' Og

L
”

a X 0 Y

2
+ib’1—=1

=<
><
8,[%,

The slice is an equilateral triangle with area of cross-section A, thickness &x .
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A(x): \/3—542(")

2
s(x)=2b1/l—%

2
A(x);a[.’;bz(l - %) .
The slice has volume
8V = A(x)éx = JEbZ(l-Z.—z)ax :
Then the volume of the solid is

. aJ_z %2 J_za %2 Jap? 2 Y
v =lim 33" 1-= [ = 31bj1—7 dx =3b* x -

x=-a

... 4ab’ .
the volume of the solid is ﬁ cubic units.

b)

5(x)

X ) 0 ¢) v

The slice is an isosceles right-angled triangle with area of cross-section A, thickness

ox.
A(x) =5 (x)

(%)= b‘/;—":—z

A(x)= b’(l . "_J |

a
The slice has volume
2
8V = A(x)dx = b’(l —‘%)ax :
Then the volume of the solid is

cubic units.

the volume of the solid is
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