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Exercise 4.1

‘1 Solution

( a) (i) In order to solve the polynomial equation P(x)= x*-5x2+4=0 , denote x>
as t,then 2 —5r+4=0=>1=4,1,=1. Hence 12 -5t +4=(t—4)(t-1) and thus

x* —5x2 +4=(x® —4)(x? - 1) = (x = 2)(x + 2)(x — 1)(x +1) are irreducible factors of
P(x) over Q. Each linear factor gives rise to a zero of P(x). Hence the zeros of

P(x) are £1,+£2. All these zeros are rational.

(i, ii) Over R and C this polynomial has the same zeros.

(b) Denoting in P(x)=x*-3x?>+2=0, x* as t we obtain > —3r+2=(r-2)(t-1),
and thus x* - 3x% +2 = (x* = 2)(x* = 1) = (x* = 2)(x = 1)(x +1) are irreducible factors
of P(x) over Q.

Hence the zeros of P(x) over Q are *1.

P(x) = (x=V2)(x +V2)(x = )(x+1).

Hence the zeros of P(x) over R and C are *1,+ V2.
(¢) (i, ii) Irreducible factors of P(x) over Q and R are
P(x)=(x* ~1)(x* +4) = (x = D)(x +1)(x* +4).

Hence the zeros of P(x) over Q and R are *1.

(iii) P(x)=(x—1)(x+1)(x—2i)(x+2i).

Hence the zeros of P(x) over C are £1, £2;.

2 Solution
(a) () P(x)= x*-5x2+6= (x2 - 2)(x2 —3), and these factors are irreducible over

Q. Hence P(x) =0 has no roots over Q.

and also C are :t\/i, i\/g .
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(b) (i) P(x)=x*-x?*-2=(x2=2)(x* +1) = the equation P(x)=0 has no roots
over Q. '

(i) P(x)=(x~+2)(x +4/2)(x* +1)=> the roots over R are /2.

(i) P(x) = (x—+2)(x +v2)(x —i)(x +i) = the roots over C are ++/2, £i.
(c)(, i) P(x)= (x% +1)(x% +4) and cannot be factored further over Q and R

= P(x)=0

has no roots over Q and R.

(iii) Irreducible factors of P(x) over C are P(x)=(x—=i)(x+i)(x—-2i)(x+2i).
Hence |

the roots of P(x)=0 over C are +i, £2i.

3 Solution

(a ) x2+1 < quotient

x—l)x3—x2+x‘—l

0 < remainder
= (x> —x2+x-D)=(x-1D(x2+1). Also

P(x)=x=x%+x~1= P()=1-1+1-1=0.

(b) x?+(i-)x—i «quotient

x-i)x3—x2+x—1

- ix?

G-Dx*+ x -1

G-Dx>+(1+i)x

—ix—1

—ix—1
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0 «remainder

=S -xttx—1=(x-i){x2+@{-1)x—i}. Also P()=i" -i>+i-1=0.

4 Solution

(a) x*—4x+8 « quotient

x+1)x3—3x2+4x—2

x>+ x?
—4x%+4x-2
—4x% —4x

8x-2
8x+8

—-10 « remainder
= (x> =322 +4x~2)=(x +1)(x% —4x +8)—10.

Also P(x)=x>—3x2+4x-2= P(-1)=—-1-3-4-2=-10.

(b) x% = (3+1)x +(3i+3) « quotient

x+i)x3—3x2+4x—2

x3+ix2
(-3-x*+ 4x 2
(3= x> +(=3i+1) x

@Bi+3)x-2
Bi+3)x+3i-3

1—3i{ « remainder
= (3 -3x +4x-2) = (x + i) {x2 =B+ )x+Gi+3)} +(1-3i) .

Also P(x)=x>~3x>+4x~2= P(-i)=i+3—4i—-2=1-3i.

5 Solution

(a) (@) P(x)=x>+x2=3x=3=x3(x+1)=3(x+1) = (x +1)(x% —3) are irreducible

factors over Q.
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P(x)= (x+1)(_x—~./§)(x+x/§).
(b) (i, i) P(x)= x> —2x? +4x—8 = x(x—2)+4(x—2) = (x—2)(x* +4) are

irreducible factors over Q and also R.

(iii) Irreducible factors of P(x) over C are P(x)=(x—2)(x—2i)(x+2i).

6 Solution

(a) (i) The only possible rational zeros of P(x) are *1,£2,+4,£8 (integer divisors
of the constant term 8). But of these, oh]y 1 and —4 satisfy P(x)=0.Hence (x~-1)

and (x—4) are factors of P(x).By polynomial division’ P(x) by

(x=1)(x+4)=x?+3x—4 weobtain P(x)=(x—1)(x+4)(x>—2) and these are

irreducible factors over Q.

(b)(,1ii) The integer divisors of the constant term —6 are 1,12, 3,1+ 6. Of these

only —2 and 3 satisfy P(x)=0.Polynomial division P(x) by (x +2)(x—3) yields

P(x)= - SAx2 —x—-6=(x+2)(x—- 3)(x2 +1), and these are irreducible factors
over Q and R.

(iii) P(x)=(x +2)(x +3)(x% +1) = (x +2)(x +3)(x = i)(x +i).

‘ 7 Solution

(a) According to the condition of the problem and factor theorem factors of P(x)
are (x—5) and (x+2)2.
Hence P(x)=(x—5)(x+2)?=(x-5)(x>+4x+4)=x> - x% -16x-20.

( b) Factors of P(x) are (x+1) and (x— 3)3.

Hence P(x)=(x+1)(x—3)> = (x +1)(x> - 9x2 +27x - 27) = x* - 8x> +18x% - 27.
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8 Solution
P(x)=x>=3x2+4= P(x)=3x>—6x= P'(0)=0 and P'(2)=0, but
P(0)#0, P(2)=0.

Hence 2 is a multiple zero of P(x). As P”(2)# 0, its multiplicity is two.

9 Solution

Investigate rational roots of P(x)=0. Among integer divisors of the constant term
ay =—2 of P(x) only —1 and 2 satisfy P(x)=0.

P/(x)=4x> +3x* —6x~5= P'(2) #0

and hence 2 is a single zero. P’(~1)=0, P”(x)=12x2+6x-6=> P"(-1)=0.

PP (x)=24x+6= P (1) 0. Hence —1 is a root of multiplicity 3 of P(x)=0.
As

P(x) is a polynomial of degree 4, P(x) =10 has no other roots except for 2 and —1.

10 Solution
P(x)=4x>+12x2-15x +4,

P/(x)=12x%+24x-15,
P’(x)=24x+24.
= P’(1/2)=0, P’(-5/2)=0.But P(1/2)=0, P(-5/2)#0=>1/2 is a multiple

zero. As P”(1/2)#0,1/2 is double zero, and (2x —1)? is a factor of P(x).By

polynomial division P(x)=(x+4)(2x— 1)2. These are irreducible factors over R.

—4 is a single zero, 1/ 2 is a double zero.

11 Solution

P(x)=x*-3x3 - 6x% +28x-24,
P(x)=4x>-9x%—12x+28,
P"(x)=12x2-18x-12,

P”(x)=24x-18.=> P"(2)=0, P’(2)=0, P(2)=0, P*(2) #0.
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Hence 2 is a triple zero of P(x) and P(x)=(x— 2)3(x + k) for some constant k, as

P(x) is a monic polynomial of degree 4. Then P(0)=-24 =k =3 and

P(x)=(x-2)(x+3).So -3 is a triple zero of P(x).

12 Solution

P(x)=x3 —3x2-9x +c,

P'(x)=3x*-6x-9,

P’(x)=6x-6.

= P'(-1)=0, P"(-1)#0, P’(3)=0, P”(3)# 0. Hence b?th —1 and 3 can be a double
zero of P(x).

Let —1 be a double zero of P(x).= P(x)=(x+ ])2(x + k) for some constant k, as

" P(x) is a monic polynomial of degree 3.
PO)=c=>k=c.P(-1)=0=>c=~5= P(x)=(x+1)*(x=5).
Let 3 be a double zero of P(x).= P(x)=(x- 3)2(x +1) for some constant [,

P(3)=O=>c=27.P(O)=c=>l=—;—=3.=> P(x)=(x—3)%(x+3).

13 Solution

P(x)=x*+2x3-12x* ~40x + ¢ ,

- P(x)=4x+6x2-24x-40,

P/(x)=12x2+12x-24,

P”(x)=24x+12.= P”(1)=0, P"(-2)=0. P’(1) # 0, P’(-2) =0, PP(=2) 2 0.
Hence -2 is a triple zero of P(x) and P(x)=(x +2)3 (x+ k) for some constant k, as

P(x) is a monic polynomial of degree 4.

Then P(-2)=0= c=-32. P(O)=c=>k=§=—4 and P(x)=(x+2)’(x~4).

14 Solution

P(x)=ax’ +bx*+d,
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P'(x) = 3a.x2 +2bx ,
P”(x)=6ax+2b.

= P'(0)=0, P'(— 1:2) =0. Hence both 0 and —-2b/(3a) can be a double root of
a

P(x)=0.
Let Obe a double root. Hence P(0)=0=>d =0=> if 27a’d +4b> =0, then

b=0= P(x)= ax’and 3is a triple root. Thus if Ois a double root, then

27a%*d+4b> # 0.
Let —2b/ (3a) be a double root of P(x)=0. Hence

26 (-2bY
P(—2b/(3a))=0=>a(—é—) +b(—3—) +d=0=> 27a2d+4b3=0.
a a

15 Solution
P(x)=a.x3+cx+d,
P'(x)= 3ax? +c,

P”(x)=6ax.

= P (ewng =0, where ee=+1. Hence e 1/;—0 can be a double root.
a a

=3 NE 3 _o\V2 Y2
P eJ— =0=>a (— +ce -——) +d=0=>d| — =—ec=>
3a 3a 3a 3a 3

= 4¢3 +27ad? =0.

16 Solution

x2

n
If P(x)=1-x—2—-L +(-1)" 2, then
21 n!

n-1 n
X = P(x)— P(x)=2P(x)-(-1)" 2.

P'(x)=~1+x-L +(-1) D1 —

(1)Suppose & is a multiple zero of P(x), then P(at)= P’(a)=0, and
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n

P(a)- P'(c)=0= (-1)"“_' =0, using (1)= & =0. But P(0)# 0. Hence P(x)has
n.

no multiple zero.

17 Solution

( a) The only rational zeros of P(x)are *1,%3,+—, == But of these, only

oW

1
2
3 satisfies P(x)=0.Hence (2x —3)is a factor of P(x).By polynomial division,
2x> —3x? +2x-3=(2x— 3)(x2 +1), and these are irreducible factors over R.

('b) The only rational zeros of P(x)are *1,+2, i-;—. But of these, only —%—satisfies

P(x)=0. Hence (2x +1)is a factor of P(x).By polynomial division,

2%+ x2 —4x -2 = 2x +1)(x2 = 2) = (2x + 1)(x = V2)(x +/2), and these are

irreducible factors over R.

18 SoIUtion '

The only rational zeros of P(x)are *1,+3,+—,+—,+

N W
Hiw

1 . But of these, only 1 and
2 2

—% satisfy P(x)=0.Hence (2x~—1)and (2x + 3) are factors of P(x). By polynomial

division, 4x* +8x> +5x% + x —=3=(2x - 1)(2x + 3)(x% + x+1), and these are

irreducible factors over R, as (x2 +x +1) = Ohas no roots over R and so cannot be

factored further over R.
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Exercise 4.2

1 Solution

(a) x+i is alinear divisor. Hence we can use a remainder theorem, and the

remainder is

P(=i)=(=iY + 2=’ +1=i=-2+1=~1+i.

(b) P(x)= x*+2x%+1 and D(x)=x%+1 are polynomials over Q. By the division
transformation, P(x)= D(x)S(x)+ R(x) where R(x) is a polynomial over Q, such
that

deg R< deg D =2. Thus P(x)=(x*+1)S(x)+ax+b, a,b rational.

= P(i)=0+ai+b, and hence ai+b=1i’+2i’ +1=-1-i=a=-1,b=-1.Hence

the remainder ax+b is —x—1.

2 Solution
(a) x—2i is alinear divisor. Hence we can use a remainder theorem, and the

remainder is

PQi)=(2i)° =3(2i)* +2(2i)~1=32i — 48 + 4i —1 = —49 + 36i.

(b) P(x)= x°=3x*+2x-1 and D(x)= x2+4 are polynomials over Q.

Hence P(x) = D(x)S(x)+ R(x), where R(x) is rational and deg R< deg D =2. Thus
P(x)= (x2 +4)S(x)+ax+b, a,b rational. = P(2i)=0+2ai+b, and hence
2ai+b=(2i) -3(2i)* +2(2i)-1=32i—48+4i—1=36i-49=> a=18,b=—49.

Hence the remainder ax+b is 18x—49.

3 Solution

By the division transformation, x* + ax? + 2x = (x2 + 1)S(x) + 2x + 3. Substituting

x=i, 1-a+2i=2i+3=>a=-2.
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4 Solution

By the division fransformation, trad43x-11=(2+ HOx)+x+5.

Substituting x =2i, 16—-8ai+6i—-11=2i+5=>a=1/2.

5 Solution |
By the division transformation, s raxt+bx+2= (x2 +1)S(x)—x +1. Substituting

x=i, l—a+bi+2=-i+], thatis ~a+bi=—-i—-2=>a=2,b=-1.

6 Solution
By the division transformation, rax’+b= (x2 +4)S(fr’) —x +13. Substituting

x =2i, weobtain 16 -8ai+b=-2i+13, thatis —8ai+b=-2i-3=a=1/4,b=-3.

7 Solution
If z=x+1iy,then

' _ 22-—-y2‘-—x2+2xyi=4i=>y2—x2=0,

xy=2 x2-yl=(x-y)x+y)=>x>-y*=0
if and only if y =x or y=—x.Hence as seen  XY=2

from the graphs there are two points of

intersection.

'8 Solution
Consider the polynomial B(z)~- P,(z) which has more than n zeros. But deg

(B—B)<n.ltis possible only if B (z)— Py(z) =0 identically. Hence

R(O)-P0)=0=by=cy, B (0)-P (0)=0=b =c.K,BM(0)~F™(0)=0=b, =

9 Solution

P(x) has real coefficients. Hence P(i)=0= P(—i)=0 and then

(x=-i)(x+i)= x2+1 is a factor of P(x). By the division transformation

P(x)=x*+x> - x4 x-2= 2+ )2+ x=2).= P(x) = (x2 +1)(x = 1)(x + 2). This
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is the factorisation of P(x) into irreducible factors over R, and P(x) has zeros

i,—i,~2and 1 over C.

10 Solution
P(x) has real coefficients. Hence P(2—i)=0= P(2+i)=0 and then

[x—(2-D][x-(@2+D)]=x>~4x+5 is afactor of P(x). By the division
transformation

P(x)=x* =5 +Tx% +3x—10=(x2 - 4x +5)(x2 = x = 2).= P(x) = (x? —4x + 5)(x +1)(x = 2)
. This is the factorisation of P(x) into irreducible factors over R, and P(x) has zeros

2—i,2+i,—1and 2 over C.

11 Solution
P(x) has real coefficients. Hence P(1+2i)=0= P(1-2i)=0 and then

[x—(+2i)]-[x—(1-2i)]=x" —2x+5 is a factor of P(x). By the division
transformation P(x)=x* —2x% +6x2 = 2x +5=(x% = 2x +5)(x +1).

This is the factorisation of P(x) into irreducible factors over R, and P(x) has zeros

(1+2i),(1-2i),—iand i over C.

12 Solution
P(x) has real coefficients. Hence P(i)=0= P(-i)=0, and then

(x=i)x+i)= x% +1 is a factor of P(x). The rational zero of P(x) is p/q, where g

is a divisor of the leading coefficient 1 and p is a divisor of the constant term 3.

Hence P(x) has the form (Jc2 +1)(x — o )(x — B ), where the rational zero o takes one
of the values £1,%2, or £3 (since P(x) is a monic polynomial of degree 4 ). Given
that the constant term is 3= o = 3, and hence the zeros of P(x) are

i,—I,1and 3 ori,—i,—1] and -3. But the sum of the zeros is negative. Thus

P(x)= (x2 +1)(x +1)(x+3), and these factors are irreducible over R..

7SD Solutions Series




12

13 Solution

P(x) is an even monic polynomial of degree 4. Hence P(x)= x*+ax® +b. P(x)
has real coefficients. Hence P(2i) = 0= P(-2i)=0 and then (x—2i)(x+2i)= x*+4
is a factor of

P(x)= P(x)=(x? +4)(x? + ¢) .The product of zeros of P(x) is —8. Hence
4e=-8=>c=-2,and P(x)=(x?+4)(x? —2) = (x2 +4)(x = 2)(x +~/2). These are
irreducible facfors of P(x) over R, and P(x) has zeros -2i, +2i, - ﬁ and «/5 over
C.

14 Solution

P(x)=x4+ax3+bx2+cx+4.-
. P(\2)=0= (8+2b)+(2a+c)W2=0, a, b, cinterger = 8+2b=0and 2a+c=0.

Hence

P(x) = x* +ax® - 4x2 = 2ax +4 = (x° ~2) +ax(x?-2)=(x2-2)(x® +ax-2).
Thﬁs tax-2=(x—a)(x+ B) has a rational zero, which may be +1,+2.

But gf=-2=>a=-1,=2or =1, f=-2. The sum of zeros of P(x) is positive.
Hence —«/-2_+s/5+a+[3=a+[3 >0=0=-1,=2.

Thus P(x) = (x2 = 2)(x +1)(x - 2) = (x = v2)(x + ¥2)(x + 1)(x = 2) , and this is the

. factorisation of P(x) into irreducible factors over R.
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Exercise 4.3

1 Solution

P(x)= O +raxt+bx+c , since P(x) is the monic of degree three. If
o =1,p =2,y =3 denote the zeros of P(x), then
a=-ya=—1+2+3)=-6,

b=YaB=2+3+6=1],

c=—Yopy=-6

Hence P(x) = 2 -6x2+11x-6.

2 Solution

P(x)=x4+ax3+bx2+cx+d, since P(x) is monic of degree four.
Ifoo=-3,B=-1,v=1and & =3 denote the zeros of P(x), then
a=-yd=—(-3-1+1+3)=0,

b=y ap=3-3-9-1-3+3=-10,
c=—-YoBy=-3+9-9-3)=0,

d=Yafyd=9.

Hence P(x) = x*—10x% +9.

3 Solution
Let the roots of P(x) be a, l, B. Then product of roots is B.= B = —? =2. Sum of
o

. 1
products taken two at a time is 1+—2—+2(l =—2-§ =>0=3-.

a 3 3
Sum of the roots is 3+%+2 =_—3_a = a =-16. Hence the roots are 3,1, 2 and the

coefficient a is —16.

4 Solution
Let the roots of P(x)= x}-3x’—4x+abe o, —ao,p.

Then sum of the roots is B. = = 3. Sum of products taken two at a time is

2

-0 + 300~ 30, =~ = —a2 =4=0=-272.
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Product of the roots is ~2:2-3=—-g=a=12.

Hence the roots are —2, 2, 3 and the coefficient a=12.

5 Solution

1
Let the roots of P(x)= x*+ px3 +qx2 +rx+sbe a,.a, B,-P.
Then

s=Xapyd=o—B(-B)=—2=p2=-s

Hence

q=ZaB=a-i—+a-B—a-B+é-B—é—-B—B2=1—B2«=>q=1—B2=1+s.

. 1 1
-p=Ya=oa+—+p-Pp=o+—=—p.
p=2, - B-B =P

Hence
' 1 1 ' 1 1,2
T = = — - i (- B (-BY+—-B:- (- =— + —
r=yafBy aaB+aa(B)+aB(B) 0L[.’)(F.’)) (a a)B =
r=—p(=s)= ps.
6 Solution
The sum of roots is ;q=2a=(a—c)+a+(a+c)=3a=>a=;—q.
P P

— — . 3 . 2
Hence 0=P(a)=P[—q): P4 39 T _5=0=Pa)27p
3p) 2Ip 9p* 3p

=2¢>-9pgr+27p%s.

7 Solution

Let the roots be a—c¢, a,a+c. Then

27
——1§=2a=(a—c)+a+(a+c)=3a=>az—%.

4

18

=Za-B-Y=(a—c)a(a+c)=—%(i—c2)=>c=% (or c=—% that gives the

4 1 1
same roots). Hence the roots are a~c=—-—,a= —E and a+c¢ =§.
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8 Solution
Let the roots be b—c,b,b+c.Then 6=Y a=(b-c)+b+(b+c)=3b=>b=2.

-10=Y o-B-y=(b-c)b(b+ C)=2(4—62)=>C=3 (or ¢ =-3 'that gives the same
values of the roots and so the same constant a).

Hence the roots are b—c=-1,b=2,b+c=5 and a=Y a-f=-2-5+10=3.

9 Solution

3

The product of the roots is —i=2a-[3"y=ac-a-£=a =a=3(-s/p).
p c

The sum of the roots is ———q-=2a=a-c+a+£=a(c+l+l),and the product of
p c c

2
. . r a 1
the roots taken two at a time is —-=2a-[3=a2c+a2+——=az(c+1+—).
P c c

Hence :—a=—r-=>—q-§,(—s/ p)=r= pr}—g’s=0.
P P

10 Solution

Let the roots be a-c, a, d . Then

c
1
——6=20L-B-'y=ac-a-£=a3=>a=—2,
2 c
-1—3=20L=a-c+a+£=—2(c+l+l)=>
2 c c
c+l=T 4?1 a=0= 0=t
c 4 : 4
(or ¢ = —4 that gives the same roots). Hence the roots are a-c=%, a=-—2,-9-=8.
c

11 Solution

Let the roots be b-c, b, 2 . Then
c
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27=20L-B-y=bc-b--é=b3=>b=3,
C

13=2a=b~c’+b+2=3(1+1+c)‘=>
C C

-1—+c=2=>3c2-—10c+3=0,
c

and using quadratic formula ¢ =3 (or ¢ =1/3 that gives rise to the same values of the

roots and so of the constant a).

Hence the roots are b-c=9,b=3,£=1 and a=Y o-B=27+9+3=39.
c

12 Solution , ,

_ 3 2
(a) The values 2a, 2P and 2y satisfy (%) + 3(%) - 2(%) —2 =0 and hence the

required equation is x> +6x2-8x-16=0.
(b) The values aa—2,—2 and y—2 satisfy (Jc+2)3'+3(x+2)3 -2(x+2)-2=0

and hence the required equation is x> +9x2+22x+14=0.

_ ‘ 3 2
(¢) The values i l l satisfy (l—) + 3(1) - 2(-1—) —2 =0 and hence the required
o By x x x

equation is 2x° +2x2 -3x—1=0.
3 2
(d) The values o, B2 and 72 satisfy (x"z) +3(xl/2) —2x2-2=0.

. Rearrangement gives

x"z(x —2)=2-3x. Squaring we obtain x(x - 2)2 =(2- Z*bc)2 and hence the required

equation is x+9x2+22x+14=0.

13 Solution
(a) The values 2q, 2B, 2y and 28 satisfy the equation

4 3 2
2144 2| -3l 2] 42 |4+2=0. Hence the required equation is
2 2 2 2

x*+8x3—12x% —32x+32=0.
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(b) o.~2,p—2,7-2 and 5~ 2 satisfy
(x+ 2)4 +4(x+ 2)3 -3(x+ 2)2 —4(x+2)+2 =0. Hence the required equation is

xt+12x3 +45x% +64x+30=0.

4 3 2
(¢c) ll_l- and l satisfy (l) +4(1) —3(1) —4(1)+2=0. Hence the
o' By ) x x x x

required equation is 2x* —4x3 -3x%2 +4x+1=0.

4 3 2
(d) a2, [32, 'yz and &° satisfy (xllz) +4(x1/2) —3(x1/2) ~-4x'242=0.
Rearrangement gives x"2(4x —4)= —x? +3x — 2. Squaring and simplifying, the

required equation is x*—22x3+45x% - 28x+4=0.

14 Solution
(a) 02 B-y,0-B2-yand ot-B-y? can be rewritten afy- o, afy-p and ofy-y. But
ofy=3.

Hence the required equation has the roots 3¢, 3B and 3y, which satisfy

3 2
(i) + (%) - 2(%) ~3=0. And the required equation is x> +3x% —18x—81=0.

(b) a+p+7v=-1.Hence the required equation has the roots o.—1,—~1and y-1

which
satisfy (x+1)° +(x+1)2 = 2(x +1)—3=0. The required equation is

2 +4x* +3x-3=0.

15 Solution

3
1 .
(a) l, l and — satisfy (l) + 2(—1—) +1=10. Hence the required equation is
o PB Y X X

X +2x2+1=0.

3
(b) (12, [32 and 'yz satisfy (x]/ 2) +2x"2+1=0. Rearrangement gives
2(x+2)=-1. Squaring and simplifying, the required equation is

x> +4x2+4x-1=0.

7SD Solutions Series

17




18

(c)From(b) az, [32 and 'yz satisfy X +4x?+4x-1=0 , and hence

3 2 '
satisfy (1) + 4(1) +4(1) —~1=0. And the required equation is
x x

x> —4x?-4x-1=0.

16 Solution

: 3 2
(a) i 1 and 1 satisfy (lJ + p(-l—] + r = 0. Hence the required equation is
By x)  \x

rx3+px2+1;—-0.
3 2
(b) a?, B2 and 'yz satisfy (x” 2) + p(x” 2) + r = 0. Rearrangement gives

x”zx:—r—px.

Squaring and simplifying, the required equation is x> - pix? -2 prx— r’=0.

(c)From (b) a?, B2 and 72 satisfy x3- p2x2 —2prx—r?=0. Hence

LandL

1
ol Bz Yz

3 ' 2
satisfy (1) - pz(l) -2 pr(l) —r? =0. Simplifying, the required equation is
x x x

r2x3+2p_rx2+p2x——l=0.

17 Solution
(a) a+B+y=>Y a=-1.
3 2
(b) o?, Bz, and 72 are roots of the equation (x”z) +(x1/2) +2=0.

W2y =2-x. Squaring and simplifying, X —x?—4x-4=0.

Rearrangement gives x
Hence a2 +p2+y2 =1.
(c)o®+a2+2=0, (since o, B,y are roots of the given equation)

B*+p2+2=0,
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Y +y2+2=0.
Hence (0° +B* +7%)+(a® +B* +y2)+6=0.
From (b) o? +[32 +'y2 =1, therefore o’ +|33 +Y3 =-7.
(d)From(b) o?, |32, and 72 satisfy x3-x*-4x-4=0.
Hence a* = (az)z, |34 = (B2)2 and 'y4 = (72)2 satisfy (x"z)3 - (x”z)2 ~4xY2_4=0.
Rearrangement gives (x-4)=x+4. Squaring and simplifying,

2 —9x?+8x—-16=0.

ot +B* +7* is the sum of roots of this equation. Hence o +p*+y2=9.

18 Solution
3
(a) a?,B?, and y2 satisfy (xn/z) +qx24+r=0.

Rearrangement gives x/?

(x+¢q) =-r. Squaring and simplifying,
x3 +2qxz+q2x—r2 =0.
% + B2 +v? is the sum of roots of this equation. Hence o + B2 +v2=-2g.
(b) ol + qo+r=0, (since a, B, and y are the roots of the given equation)
B’ +gB+r=0,
73 +qy+r=0.
Hence (o +p> +'Y3)+q(a+|3+y)+3r =0.Here o+ +7 is the sum of the roots of
the equation x> +gx+r=0= 0. +B+7y =‘O. Therefore o> + B +y =-3r.
(¢) o,PB,y are also roots of the equation x2(x>+ gx+r)=0,i.e. x +qx3 +rx?=0.
Hence o +qo® +ra® =0, B> +4B°+rp? =0and vy’ + ¢y + ry? =0. Adding these
equalities we obtain (0° + B> +7°)+gq(a’ + B> +7) +r(a® + B2+v%)=0.
But from (a) o? +]32 +72 =-2q and from (b) OL3+|33 +'y3 =-3r.

Hence o +B° +v° =—q(-=3r) — r(-29) = 5qr.
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Exercise 4.4

1 Solution
P(—i)=i-i+4i—4i=0=>(x+1i) is a factor of P(x). By inspection, or by

3

polynomial division, x>+ ix? — 4x—4i = (x + i)(x”~4) . Hence

P(x)=(x+i)(x—2)(x+2), and these are irreducible factors over C.

2 Solution

P(2i)=~8i+8i—6i+6i =0= (x—2i) is a factor of P(x) . By inspection, or by
polynomial
division, x> —2ix? —3x +6i = (x = 2i)}(x% - 3).

Hence P(x)=(x-2i)(x - «/5 Wx+ \[5 ), and these factors are irreducible over C.

3 Sélution

P(x)= x?(3x2 +10x+6+1—0+—33)= x2{3(x2 +i2)+10(x+1)+6}.
X X X X

1Y I 1Y 1Y
Using (x+—) =x’+—+2, P(x)=x’ 3(x+—) +10(x+-—) . Since 0 is not
X X X X

a zero of P(x), the solutions of P(x)=0 are the solutions of

1Y 1
3(x+—) +10(x +——)= 0.
x x
By factorising this quadratic

P(x) =x2(x+l){3(x+—l—)+10} = (X2 +1D3x2 +10x +3). 1)

x x
Hence

P(x)=0= x*+1=0o0r3x2+10x+3=0
_ 514
3

x==i X

x=-3 orx=—l.
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Therefore, the zeros of P(x) are -3, — %, ti.

From (1) P(x)= (x2 +D3(x+3)(x+1/3)= (x2 +D)(x+3)(3x+1) overR.

4 Solution

P(x) =x2(2x2 +7x+2—l+—22-)=x2{2(x2 +—12—)+7(x-—-1—)+2}.
X x X X

2 2
Using (x—l) =x2+L2—2, P(x)=x2{2(x——l—) +7(x—l)+6} .Since 0 isa
x x

X X

zero of P(x), the solutions of P(x)=0 are the solutions of

1)? ]
Z(x——) +7(x——)+6=0.
X X

By factorising this quadratic

P(x)=x2 -2{(x—l)+2}{(x——l-)+-§}=(x2 +2x—1)(2x2 +3x-2). ¢
X x) 2

Hence

P(x)=0= x*+2x—1=0o0r2x>+3x—2=0.
_ 315
4

x=—1:t\/§ X
1
x=-2o0orx=—.
1
Therefore, the roots of P(x)=0 are —2,—2—, —liﬁ .

From'(1) P(x)=(x+1-v2)(x+1+2)(x +2)(2x~1) over R.

5 Solution
x6—1=(x—1)(x5+x4+x3+x2+x+1)=(x—l){x(x4+x2+l)+(x4+x2+l)}
=(x=Dx+Dx* + 22 +1).

Hence x® —1=0=> x =+1 or x* + x? +1=0. Further more, the sixth roots of unity are

equally spaced by % around a circle of radius 1 and centre (0,0) in the Argand
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diagram. The zeros of P(x)= x*+x% +1 are the non-real sixth roots of unity which

are:
- T .. T
z, and z¢ = z,, where 22=COS"3‘+lSm§, yA
o 2n .. 2m
23 and25=z3, where 23:003_3—+131n_3_' 2 z,
/3
244 Zl \x
Hence _ -] 7
4 . — . — 25 e
P(x)=x +x2+l=(x—zz)(x'_22)(x_z3)(x__23) -

« T 2n
= (x2 = 2Re 7,x +]zo[ )(x? — 2Re z3x +|z3f*) = (+? —2cos§x+l)(x2 ~2c0s=x +1).

r 1 21 i 1 4 2
Using cos—=—, CcOS—=—CO0S—=—-—, x +x"+1=(x
SINE €833 3 3T 2 (

2—x+])(x2+x+]).

-These factors are irreducible over R.

6 Solution

Let Q(x)=x° +1, then Q(+i)=0 and hence (x— )(x +4)=x* +1 is a factor of Q(x).
By inspection, or by polynomial division, x®+1=(x? +1)(x* - x* +1). Hence
$+1=0=

x ==i or x* — x2 +1= 0. Therefore the zeros of P(x)= x* — x% +1 are the solutions

of x6=—l,x¢i-i.

The sixth roots of —1 are equally spaced by % around a circle of radius 1 and centre

(0,0) in the Argand diagram. The sixth roots of yA
—1 different from +i are: Z
— T .. T
29,2} =23, Where z, = cosg+zsmg, zZ, /3 \%,
24> 25 = 24, Where 7, = cos=—— +isin—.
6 6 Z

5 Z,

Hence
2
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POx)=x*—x?+1=(x—2)(x —29) (x = 24 )(x — 24)

(x2 = 2Re zpx +]2) )(x? —2Re 2% +|z4f) = (52 —200516c-x+1)(x2 —ZCOS%TEx+1).

Using

NE) Sw T 3
cOS—=—, COS—=—CO§S—=——
6 2 6 6 2

These factors are irreducible over R.

, 1= =B+ x40,

7 Solution

2> —47=0=>7(z*-4)=0.Hence z=0orz isa complex fourth root of 4. Clearly

two such roots are +4/4 = +./2 . The other fourth roots of 4 are equally spaced by g

around a circle of radius «/—2_ and centre (0,0) in y &

the Argand diagram.
The fourth roots of 4 are

2
20=2,2, =2, 2, =2i, 3 =—2i. Z. (\(K >

Hence z5 —47z =0 has roots 0, 2,’_!'«/—2_1' .

8 Solution

4z5+z=0=> z(z4+%)=0.Hence z=0orz is

YA

a complex fourth root of —:11-. Clearly one such

root has argument x and modulus —1— , since
4 V2

1
arg| —— [=m and
g( 4)

roots of —% are equally spaced by g— around a

1 (1Y
_Zl = (—) . The other fourth

N

circle of radius 71_2.— and centre (0,0) in the Argand diagram.

The fourth roots of —l are L cosE-_i-isin—JE and —l— cosﬁt-iisinér—t).
4 2\ 4 4 2\ 4 4
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Hence 42> + z =0 has roots O,%(lii),%(—lii).

9 Solution

4

Let z =cosB+isin®. Then by De Moivre’s theorem, z* =cos48+isin460 . But by

4 (4
the Binomial theorem, z* = (cos8+ isin 0)* = Y ( ) i* sin*9cos* % 0. Equating real -
k=0

parts,
cos48 = cos* 6 — 6cos? Osin’ 0 + sin® 0= 8cos*0—8cos?0+1.
(a)Let cosO=x.Then cos46=0 8x* —8x%+1=0.Hence if 6 is a solution of

cos49,

cosO isa ro'ot of 8x* -8x2+1=0.
T . T T
-But cos40=0=40= i—z— +2mn, nintegral 6 = i§-+5n, n=0+112 K
These yalues of 6 give exactly four distinct values of cos8, namely
s 5 3 9 1 13 3
COS—,COS—T = —COS—T,COS—T = —COS—,COS— T = COS—TL .
8 8 8 8 8 8 8

At the same time considering 8x*-8x2+1=0asa quadratic in x2,

2 4%V8 242

4

8
x:i%\/2+«/-2_ orx:i—;-\/2—\/5.

‘But x =cos8. Since cos—g>cos-3§1£>0, we‘ deduce cos%=-;— 2++/2 . Since
Q> coss?n >.c059?n , we deduce cos%E = —%m
(b)Let cos®=x.Then cos40 =%@ 8x* —8x% +1 =%. Hence if 0 is a solution of
cos40 =%, cos® is a root of 16x* —16x2 +1=0.

1
Butcos46 = 5 =40= i% +27n, nintegral 6 = il% + g—n, n=0,+1,+2 K
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These values of 8 give exactly four distinct values of cos8, namely
cos— cos—5-1t cosln =—COS—T cosgn——cos T
127712712 127712 12°

2

I’

At the same time considering 16x*—~16x2+1=0 asa quadratic in x

2 848 _2+43

4

16
x=i%\/2+x/§orx=i—;-\/2—x/§.

But x =cos6. Since cos% > cos?—;E >0, we deduce that

COS%=%\/2+~/§ ,cos?—;t:l\h—\/g.

2

10 Solution

5

Let z =cos0+isin®. Then by De Moivre’s theorem, z” =cos50 +isin50 . But by

S (3 ik ik oSk :
the Binomial theorem, z° = Y i"sin® Bcos” " 0. Equating real parts,
k=0

c0s50 = cos® 0 —10sin2Bcos> 0 + 5sin* O cos O =16cos> O —20cos> 0 +5¢0s 0.
(a)Let cosO=x.Then cos50=1& 16x° — 20x> +5x = 1. Hence if @ is a solution

of cos50 =1, cos® is a root of 16x° —20x> +5x—-1=0.
But cosSG=1=>59=0+21rn=>9=%1rn, n=0,z112. K

Since the period of the function cost is 27, this formula gives under n=0,1,2,3,4 all

the values of cos0, namely
2 4 i 6 | 8 2
cos0=1,cos—7,cos—T = —COS—,COS~T = —COS—,COS—TL = COS—TT .
5 5 5 5 S 5
But cos8 = x and hence 16x° —20x> + 5x —1=0 has roots

2 2 4 4
1,cos—7,cOS—T,cOS—T,COS—TT .
5 5 5 5

Let cos%n = a, then cosf;-n = 20082-—2—11:— 1=2a%—1. The sum of roots of

—1%45

16x° —20x3 +5x—=1=0 is 1+2a+2(2a2 -1)=0= 44> +2a-1=0=a= 7

But
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2
a=cos§n>0=>cos%n=iz——@, and cos%n:Z(—lngJ —1=_1—J§=-%(1+J_5—)

(b)Let cos®=x.Then 00356:%@16x5—20x3+5x=-;—.Hence ifBisa
solution of cos58 =%, cos is a root of 32x° —40x> +10x—1=0.

But cos50 = —;— =50 = ig +27n, nintegral 0= i% + %m, n=0,*1,+2 K These

values of 8 give exactly five distinct values of cos®, namely

‘

T 7 13 19 5 1
COSs—,COS—T,COS — T,COS—T,COS— T = COS— = —.
15 15 15 15 15 3 2

(i) The sum of roots 32x° —40x> +10x—1=0 is zero, hence

- ' N 7 13 19 1
] ' COS—+COS— T+ COS— T+ COS—T = ——,
; 15 15 15 15 2
i ( ii ) The product of roots is —1—— hence coslcosj—ncosgncosl—g-n--l— =—1—,
| 32 15 15 15 15 2 32
| 7 13_ 19 1

COS—COS—TLCOS—TLCOS— T = —.

15 15 15 16
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Exercise 4.5

1 Solution

2x+10 ¢ C)
(x=-1(x+3) x-1 x+3

.Then 2x +10=¢(x +3)+co(x—1). Putting x =1

gives ¢ =3, while x =-3 gives ¢; =~-1.

2x+10 3 |
Hence = - .
(x-D(x+3) x-1 x+3

2 Solution

Using the quadratic formula, we get 2x% +5x+3= 2(x +—Z—)(x +1)=(2x+3)(x +1).

4x+5 ¢ 4.2
Rx+3)(x+1) 2x+3 x+1

. Then 4x+5=¢(x+1)+cy(2x +3). Putting

x =-1 gives ¢, =1, while x =-3/2 gives ¢; =2.

4x+5 2 1
Hence ) = )
2x“+5x+3 2x+3 x+1
3 Solution

Using the quadratic formula, we get 2x> —5x+2=2(x—1/2)(x—2)=(2x —1)(x - 2).

Let 6 =9 + 2 . Then 6 =¢;(x —2)+c,(2x—1). Putting x =2
2x-D(x-2) 2x-1 x-2

gives ¢, =2, while x =1/2 gives ¢y =—4.

6 —4 2
Hence = + .
2x?-5x+2 2x-1 x-2
4 Solution
2 2
Bydivision,x+x+2=x +x+2=1+ 2 =1+ 2 .
x(x+1) 2 +x x2+x x(x+1)
2 C]

Let =91 22 Then 2=¢)(x+1)+cyx . Putting x =0 gives ¢, =2, while
x(x+1) x x+1 ‘

x=-1 gives ¢, =-2.
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Hence i) % x+1
5 Solution
Le 2x+4 il +a‘x+b.Then 2x+4= (x> +4) +(ax +b)(x - 2).

t(x-2)(x2+4)=x—2 x*+4
Putting x =2 gives ¢; =1.
Equate coefﬁcieﬁts of x2: O=¢+a=a=-1.
Put x=0:then 4=4¢,-2b=b=0. "

2x+4 1 x .
(x~2)(x2+4) (x-2) (x*+4)

Hence

6 Solution

3x2—3x+2 _q +ax+b

= . Then
Q2x—D(x2+1) 2x-1 x%+1

Let

3x2 —3x+2=¢(x? + 1)+ (ax+b)(2x —1). Putting x =1/2 gives ¢, =1.
Equate coefficients of x*: 3=¢ +2a=>a=1.
Put x=0:then 2=¢,—-b=b=-1.

2
_ -1
Hence 3x“-3x+2 1 x

= + .
2x—D(x%+1) 2x-1 x%+1

7 Solution
It is necessary to perform the division transformation before seeking partial fractions.

By division,

2427 +6x+410_ P +2x2+6x+10 _ X +2x+6  _ x’+2x+6

(x+1)(x% +4) X +x>+4x+4 X +xt+4x+4 (x+1)(x%+4)
2

Let —> +2x+6 _ ¢ +ax+b.Then xz+2x+6=cl(x2+4)+(a.x+b)(x+1).

(x+D(x2+4) x+1 x244

Putting x =—1 gives ¢; =1.

Equate coefficients of x%: 1= g+a=a=0.
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Put x=0:then 6=4c,+b=>b=2.

a 2} +2x2+6x+10 1 2
| Hence 3 =1+ +— .
“ (x+1)(x“+4) x+1 x“+4

8 Solution

5-x q ax+b
t 2. +
2x+3)(x“+1) 2x+3 x“+1

. Then 5—x = ¢,(x® +1)+ (ax +b)(2x +3).

Putting x =-3/2 gives ¢; =2.
. Equate coefficients of x2: 0=¢q+2a=a=-l.
1 Put x=0: then 5= +3b=b=1.
- 21—
' Hence > x2 = +— iy
2x+3)(x*+1) 2x+3 x“+1

9 Solution

¥*+7  _ax+b cx+d

Let =
Z+D(x2+4) x%+1 x*+4

. Then

x2+7=(ax+b)(x* +4)+(cx +d)(x% +1).

Equate coefficients of x*: O=a+c
=2a=0,c=0.
Equate coefficients of x : O=4a+c
; 2. 1=
Equate coefficients of x“: 1=b+d s b=2.d=-1
Equate constant terms : 7=4b+d
2
Hence x“+7 2 1

2+ +4) x2+1 x2+4

10 Solution

3x ax+b cx+d
= +

Let =
(Z+D(x2+4) x2+1 x*+4

. Then 3x = (ax + b)(x% +4) +(cx + d)(x* +1).

Equate coefficients of X O=a+c
i =a=1lc=-1
Equate coefficientsof x : 3=4a+c

; 2, =
Equate coefficients of x“: 0=b+d —b=0,d=0.
E Equate constantterms : 0=4b+d
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Diagnostic test 4

1 Solution

(i) In order to solve the polynomial equation P(x)= x*-4x%2+3=0, denote x% as ¢
and use the quadratic formula. Then x2 =1o0rx?=3.Hence P(x)= (x2 - 1)(x2 -3).
( a) Irreducible factors of P(x) over Q are P(x)=(x—-1)(x+ 1)(x2 —3). Each linear

factor gives rise to a zero of P(x). Hence the zeros of P(x) over Q are *1.

( b,c) Irreducible factors of P(x) over R and over C are
P(x)=(x-D(x+1)(x— V3)(x ++/3) . Hence the zeros of P(x) over R and over C

are +1,+4/3.

2—_lorx?=3.

(ii ) Use the quadratic formula, then P(x)=x*-2x2-3=0=x
Hence P(x)=(x*+1)(x>-3).

(a) P(x) has no linear factors over Q and P(x)=0 has no solutions in the field of
rational numbers. Hence P(x) has no zeros over Q.

(b ) Irreducible factors of P(x) over R are P(x)=(x*+1)(x—+/3)(x ++/3). Each
linear factor gives rise to a zero of P(x). Hence the zeros of P(x)over R are +3.

(¢ ) Irreducible factors of P(x) over C are P(x)=(x—i)(x+i)(x —‘\/5)(x +«/§).

Hence the zeros of P(x) over C are i, \/5 .

2 Solution

(a,b)If o is arational zero of P(x), then o is a divisor of the constant term. Hence
the only rational zeros of P(x) are +1,45,+10. By inspection,

P(1)=0and P(-5)=0.Hence (x—1) and (x+5) are the factors of P(x).Dividing
P(x) by (x—1)(x+5)=x2+4x—5 we obtain

PxX)=(x-1(x+ 5)(x2 +2), and these are irreducible factors over Q and R.

( ¢ ) Irreducible factors of P(x) over C are P(x)=(x—1)(x +5)(x—\5 i)(x +2 0.
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3 Solution

P(x)=4x>+15x> +12x -4,

P’(x) =12x? +30x+12,= P'(=2)=0, P(-2)=0.

Hence —2 is a double zero of P(x) and P(x) = 4(x +2)%(x +k) for some constant
k, as P(x) is a polynomial of degree 3 with the leading coefficient 4. Then
P(0)=—4=>k=-1/4and P(x) = (x+2)*(4x —1). The zeros of P(x) are
—2,-2,1/4.

4 Solution

P(x)= 2x3 —x% —6x+3. All rational zeros of P(x) have the form p/q , where
pandg

are integer divisors of 3 and 2 rcépectivc]y. Hence the only possible rational zeros of
P(x)

are +1,+3, +3/2.But of these, only 1/ 2 satisfies P(x)=0.Hence (2x—1) isa
factor of P(x).. By polynomial division,

P(x)=Q2x-1)(x>=3)=2x-1)(x—3)(x + \/3), and these are irreducible factors of

P(x) over the real numbers. Each linear factor gives rise to a zero of P(x). Hence the

zeros of P(x) are 1/2, -1_-\/5,

5 Solution
(a) x—i is alinear factor. Hence we can use the remainder theorem, and the
remainder is -

P(i)=—=i—-2-1=-3-|.
(b) P(x)=x>+2x*>-1and D(x)= x?+1 are polynomials over Q. By the division
transformation, P(x)=(x%+ DQO(x)+ R(x), where Q(x) and R(x) are polynomials

over Q, such that deg R < deg D =2. Thus P(x)=(x*+1)Q(x)+ax+b, a,b
rational, and this equation is true for all x € C. Then
P(i)=-i—-2-1=-3-i=-3-j=qgi+b.But aand b arereal = a=-1,b=-3.

Hence the remainder is ax +b=—x—3.
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6 Solution
P(x)= x*+ax?+bx. By the division transformation, P(x) = (x2 +1DO(xX)+x+2.
Then

P()=1-a+bi=l—-a+bi=i+2

) =1-a=2,b=1
P(-)=1-a-bi=>1-a-bi=—-i+2

Hence a=-1,b=1.

7 Solution
P(x) has real coefficients. Hence P(1—i)=0=> P(1+i)=0 and then

[x-(1-D][x-(1+D)]= x%—2x+2 is a factor of P(x).By polynomial division,
P(x)=(x®=2x+2)(x*-3). Hence P(x)=(x?—2x+2)(x—+/3)(x++/3), this is the

factorisation of P(x) into irreducible factors over R, and 'P(x) has zeros 1t i, + V3.

8 Solution

P(x)= x*+ax?+6,as P(x) is an even monic polynomial of degree 4. Then
P(w/i)=0=> 4+2a+6=0.Hence a=-5and P(Jc)=x4 ~5x%+6.

P(x) is even. Hence P(v2)=0= P(—ﬁ) =0 and then (x —ﬁ)(x +2)=x2-2
isa

factor of P(x). By inspection, P(x)= (x2 - 2)(x2 —3). So the irreducible factors of
P(x)

are P(x)= (x—\/a)(x+'\/§)(x—\/§)(x+\/§).

9 Solution

Let the roots of P(x)= x> -3x%>+ax+8be c— b, ¢, c+b . Then sum of roots is equal

to 3, hence 3¢ =3=> c=1. Product of roots is -8 =>1-b*=-8=b=3 orb=-3

(that gives the same roots of P(x)). Hence the roots of P(x)are =2, 1, 4. Therefore

Yoaf=—2-8+4=-6,hence a=-6.
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10 Solution
X 3 X 2 X
(a) 20, 2P and. 2y satisfy (—2—) + (-2—) - 2(5) —3=0. Hence the required equation
is
3 +2x2-8x-24=0.

(b) %, % and % satisfy (2x)3 + (2x)2 ~2(2x)-3=0. Hence the required equation is

8x> +4x2-4x-3=0.

(c) o—2,B~2 andy -2 satisfy (x+2)° +(x+2)° —2(x +2)—3=0. Hence the

required equation is X +7x2+14x+5=0.

(d) o+2,B+2 and y+2 satisfy (x—2)3+(x—2)2—-2(x—2)—3=0.Hence the

required equation is X —5x2+6x-3=0.

11 Solution

3
(a) l L and 1 satisfy (l) + q(—l-) +r = 0. Hence the required equation is
o P Y . x x

rx3+qx2+1=0.

3
(b) 0L2,|32 and 72 satisfy (x” 2) + qx” 2+r=0. Rearrangement gives
x"%(x +g)=-r . Squaring and simplifying, the required equation is

x3+2qx2+q2x—r2=0.

12 Solution

(a) a+fB+v=0, as the coefficient of x2 is zero.
3
(b) o2,p? and y? satisfy (x" 2) +2x"2+1=0. Rearrangement gives

x"%(x +2)=-1. Squaring and simplifying, x> +4x% +4x—1=0. Hence the sum of
the roots of this equation

a2+|32+72=—4.
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(c) o +2a+1=0 (since o,B,y are roots of the given equation),
p2+2B+1=0,
Y} +2y+1=0,
hence (a3+[33 +y3)+2(a+B+y)+3=0. But from (a) a+B+7=0, and
o3+p+yi=-3.
(d)From(b) a?, B2 and y? satisfy x> +4x%* +4x—1=0. Hence o*, B4 and y*

: 2y 2 a2 : V2 i
satisfy (x +4{x +4x 1=0. Rearrangement gives x (x + 4) =1—-4x.
Squaring and simplifying, x% —8x2 +24x—1=0. Hence the sum of the roots of this
equation

ot +pt+yt=8.

13 Solution

P(x) has symmetric coefficients, hence it can be converted to quadratic equation in

-2

P(x)=3x*—4x>-14x2 —4x+3=x2{3x2 +%—4x—i—14}.
X X

2 2
Using (x+l) =x2+2+—12-, we get P(x)=x2{3(x+—l-) —A(x +-1—)—20}. Since
x X x x

0 is not a zero of P(x), the solutions of P(x) are the solutions of

2
{x + l) - 4(x + l) —-20=0. By factorising this quadratic
x x

P(x)= xz{a(x +-:;)- 10}(x+i—+2) = (3x2 —10x+3)(x2 +2x+ 1).

Hence

P(x)=0=3x*-10x+3=0o0rx?>+2x+1=0, and

5+416

3

x= or x=-1.
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" roots of 16 are +2 and +2i. Hence z5—162 has

36

So the roots of P(x)=0 are -1,-1,1/3,3, and from

P(x)= (3x2 ~10x + 3)(x2 +2x— 1) it follows that the factorisation of P(x) over R is

P(x)=(3x = 1)(x-3)(x +1)%.

14 Solution
2> ~162=0=>z(z*-16)=0.Hence z=0orz
is a complex root of 16. Clearly, one such root is

2, as 2* =16. The other three roots are equally

spaced by % around a circle of radius 2 and

center (0,0) in the Argand diagram. The fourth

the roots 0, +2, +2i.

15 Solution

Let z= cosO+isin®. Then by De Moivre's theorem, 2> =c0s30+isin 30 . But by the

Binomial theorem, z3

= cos’ 0+ 3icos? Osin O —3cosOsin2 0 — isin>0. Equating real
and imaginary parts, cos30 = cos> 0 —3cos0sin? 0 and sin30 = 3cos®0sin 6 —sin> 6.

3cos’0sin@—sin’@ _ 3tan®—tanO
cos> 6 —3cosBsin?6 1-3tan?0

Dividing one by another, tan36 =

Furthermo;e, it is clearly that the equation P(x)= x> -3x2-3x+1= O has the integer
root —1. By polynomial division, x> —3x% =3x +1=(x +1)(x*> —4x+1) . Using the

quadratic formula, the roots of the equation are —~1,2 + \/E’)_ .

If 6= then 30 =~ and tan30=1.
12 4

3tan — tan’
Hence tan36=Mztan36—3tan26—3tan6+l=0.Let x =tan®9, then

1-3tan@

tan>0—3tan?0—3tan0+1=0 x> —3x2—3x+1=0. But 0<%<§.
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' '
o<t —<1=>tan—=2—\/§.
Then an12 T

St W Sn 1 1 2+4f3
= >y tan—= = = =2+‘\/§.
Now 1252712 12 tanm/12 2-43 (2-3)2+3)

16 Solution

Let z=cos0+isin0. Then by De Moivre’s theorem, 2> = cos50 +isin50. But by the

5 (5
Binomial theorem, z° = Y ( ) i*sin*0cos> ¥ 0. Equating real parts,
k=0

c0s50 = cos’ 0 ~10sin? @cos’ 0 + 55in*0 cos O = 16c0s 0 — 20 cos> 0+ 5cos 0.

Furthermore, 16x°> —20x> +5x=0= Jc(16x4 -20x% + 5)=0.Hence

x=0or16x*-20x2+5=0.

, 545
.

To solve the last equation use the quadratic formula in x%, then x* =

5+v5 , [5-+5
g8 '~V 8

So the roots are O, :t\/

Let x =cos9. Then

c0s50 = 0 &> 16x° — 20x> +5x = 0. HG:% 0r9=?—g=>00559=0.

But O<-£<§£<£,hence
10 10

T 3n T ’5+«f5— 3r ’5—«/5_
cos—>cos—>0=>cos—= , COS— =\ |——— .
10 10 10 8 10 8

17 Solution

Using the quadratic formula, x2—x-6= (x=3)}x+2).

x-4 g +.©2
(x=-3)(x+2) x-3 x+2

. Then 3x —4=c¢(x+2)+c,(x-3). Putting x =-2

gives

3x—~4 1 2
5 = + .
xX‘-x—6 x-3 x+2

¢, =2, while x=3 gives ¢; =1. Hence
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18 Solution

3x2-6x+10 _ ¢ +ax+b
(x—d(x2+1) x-4 x2+1

.Then 3x2 —6x+10= ¢ (x> + 1)+ (ax + b)(x - 4).

Put x=4:then ¢, =2.

Equate coefficients of x% 3=¢+a=a=l

Equate constantterms  : 10=¢ —4b=b=-2.

3x2-6x+10 2  x-2
= +

Hence 2 = 5 .
(x-4)(x“+1) x—-4 x°+1
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Further questions 4

1 Solution
Let P(x)=2x>—13x=/7, then P(\7) =1447=1347 =47 =0. Hence x—+/7 is a
factor of P(x).By polynomial division, P(x)=(x— ﬁ)(sz +27x+ .

Factorising 2x2+2J7x +1,
P(x)=(x- ﬁ )(x - —‘/-g—;—ﬁ—)(zx + JE + \/7 ). Hence the roots of the equation

P(x)=0

are V7. :ﬂffi

2 Solution
It is clear that x5 1= (x2)4 1= (x2 - 1)():6 +xt+x?+ 1). Hence
B-1=0=x*-1=0o0r P(x)=x6+x4+x2+1=0. So the zeros of P(x)are the
solutions of x8 =1, x#1. Clearly

L=1=zisa complex eighth root of unity. These roots are equally spaced around

e . . . 2 T
the unit circle in the Argand diagram, the angular spacing being ry =—. The non-
real eighth roots of unity are
z; and Z where z; = oS = +i sin%,
2, and 22_ where z; = i,
— T .. T

23 and z3, where z; = —cosz-+ zsmz.

Hence P(x)=0 has the roots

712=(lii), 11, %(—1i i), and

P(x) = (x = 2)(x = 2))(x = 23)(x — 22 )M(x = 23)(x = 23)
= (x? ~2Rez;x +]z,[ )(x2 —2Re z,x + |25 X(x? ~2Re z3x +|23f).
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Hence P(x)=(x2—xv2+1)(x2+1)(x2+xv2+1) is a full factorisation of P(x)

over R.

3 Solution

The quatic equation P(x)= 5x* —11x> +16x2 ~11x+5=0 has symmetric coefficients

. . 1
and so it can be converted to quadratic equation in (x i—).
x

P(x)=x2{5(x2 +1/x2)—11(x+1/x)+16} =x2{5(x+1/x)2—11(x+1/x)+6}.
Since 0 isanot a zero of P(x), the soiutions of P(x) are the solutions of

S(x+1/ x)2 —11(x+1/ x)+ 6=0. By factorising this quadratic,

P(x)=xz{x+—1-—l}{5+(x+l)—6}=(x2—x+1)(5x2—6x+5). Hence

X X

P(x)=0& x> —x+1=0o0r 5x2—6x+5=0, and

1++/3 3+4i
= or x= .
2 5

X

So the roots of P(x)=0 are %(1 +4/3 i), %(3i 4i). Since these zeros are non-real,

the full factorisation of P(x) over R is P(x)=(x%—x+1)(5x* —6x+5).

4 Solution

Let z=a+ib,b#0and P(a+ib)=0=> P(z)= P(a—ib)=0. If a+ib is a double

zero, then

a—ib is also double zero too. Since P(x) is a monic polynomial of degree four,

_ _ 2
P(x)=(x-2)*(x—2)* = {(x— z)(x—z)}2 = (x2 —2Rezx+[z|2) =x%~2ax +(a? +b?)

= x* —dax’® + (6a% + b*)x? + 4a(a® + b¥)x + (a® + b*)?. But P(x) = x* —8x3 +30x2 - 56x + 4

Equate coefficients of x: —4a=-8=a=2.

Equate constant terms (a2 + b2)2 =49 = b> =3

Hence the roots of P(x) are 2+ -\/g i, and the irreducible factors of P(x) over R are
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P(X)={x2—20x+(a2+b2)}2 =(x2_4x+7)2-

5 Solution

Let P(z)=z* +3z% -6z +10, then

PA+i)=(1+4i+6i* +4i +i*)+3(1+2i+i®)—6(1+i)+10=—4+6i—6-6i+10=0

P(2) has real coefficients, hence P(1+i)=0= P( 1+ i) = P(l - i) =0.

Then {z -1+ i)}{z - (1_4-1)} = (z2 —2z+2) is afactor of P(z).By polynomial
division,
P(z)= (z2 -2z+ 2)(z2 +2z+5). Using the quadratic formula, 22+2z+5=0=>

z=-—1%2i. Hence the roots of P(z)=0are1+i,—1%2i.

6 Solution

x+Vx?-4 x—Vx*-4

Letx=y+l=>y2+xy+1=0=>y=————-— or y=
y 2 2

Then 0L+—1—,B+l and 7+l satisfy
o P Y

xi(x2—4)l/2 ’ ; xi(x2—4)l/2
DY B Wl B

—_ +2=0.
2 2

12
Rearrangement gives :|:(Jc2 - 4) (4.\:2 + 8) =—4x*-16. Squaring and simplifying, we
get

2x> +3x2+8=0.

7 Solution

The sum of roots of the equation x4 - px3 + qx2 —~ pgx+1=0 is equal to
oa+B+y+d=p.

Then
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r=(a+B+Y)Na+B+8)a+yY+3)B+Y+8)=(p-8)(p—v)p-B)Xp-a).
Expanding, _
= p"' -p3(a+B+y+6)+p2(aB+ow+oz6+[37+[38+75)— p(ofy + oBd + oryd + ByS) + ofyd

But Ya=p, Y aB=g, Y aBy=pg, ofyd=1.Hence

2 2
t=p*—p*+p’q-pPg+i=1.

8 Solution

Let P(x)= x4 - px3 +qx2 —rx+s. Then

P(x) = (x— 0)(x - B)x - (x=8) = {x? = (+B)x + aBfx* - (y + 8)x + 8}

= x* ~(a+B+y+8)x +{(o+B)(y +8)+ 0B +¥8}x? — {oP(y +8) +v8(cx + B) }x + ofyd.
( a) Equate constant terms: offyd = 5. But of=yo= (OLB)2 = 5. At the same time

thé -

coefficient of x: _
aB(y+5)+y§(a+B)=aﬁ(a+[3+y+8)=a[3-p, as 0+B+y+6=p.

2

Equaté coefficients of x: of-p=r= r? = (oc[3)2p2 =r°= spz.

(b) Equate coefficients of x*: o+p+y+6=p.But o+B=y+6=>0+B=p/2.

Equate coefficients of x% (0t+B)(Y+8)+of+Yo=g= ap+y6=g- (p/ 2)2 .

Equate coefficients of x: af(y+8)+yd(a+B)=r= (af+ ) a+B)=r=

2
: 14 14 3
—|—=| p==r=p —4pg+8r=0.
{q (2)}2 p pPq

9 Solution

Let O(z)=z""'+2""24K+z+1. Then o=n.

Furthermore, z" —1=(z~1)(z"" + 772

+K +z +1). Hence the roots of
Q(z)=0arez,z5,K ,z,;.

Therefore Q(z)=(z- )Xz~ 2)K (z-2,y) and Q()=(1~z)(1-2,)K (1~ z,_,).
But '

Q(1)=n = (1—21)(1—22)K(1—zn_1)=n.
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10 Solution

Let P(x)= 2+ 3px +3gx +r. A double root of P(x)=0 must be a single root of

P'(x)=0.

Then

P'(x)=3x2+6px+3q=0=>x=—pim.Let e==l, k=J;2_—;,men
x=-p+ek.

Let us calculate P(—p+¢€k): % =(—p+tzk)3 =—4p3+3pq+(4p2—q)€k,

3px2 =3p(-p+ek)= 6p3 —3pq—6p2£k,
3gx =3q(—p+€k)=-3pg+3qek.

Hence P(-p+ek)=2p> —3pq+ek(—2p? +2q)+r.Butitmustbe P(-p+ek)=0.
Therefore, € k(-2 p2. +2q)=-2 p3 +3pg—r . Squaring,

(pP?~q)4p* +4q> -8p’q) =4p° +9p*q* +r? -12p*q+4p’r—6pgr.

This is equivalent to

4(p’ - 9)g* +(p* - g)4p* —8p’q) = 4p° +9p’q* +r* —12p*q - 2pgr +(p* - g)4pr
Rearrangement gives

4(p* - 9)g* - pr)=—(p* - q)(4p* -8p*q) +4p°® +9p%¢® + r2 —12p*q—2pgr .
Simplifying the right hand side of this identity,

4 p® —gXg* - pr)= p*q* —2pgr+r*.

Hence 4(p* - q)(g* - pr)=(pq-r)>.

11 Solution

Let P(x)=x"+px—q.Then P'(x)=nx""1+p.Hence P(x)=x""'=-p/n.
(Remember, that ¢ is a double root of P(x)=0 if and only if P(0.)=0 and
P(a)=0,

but P”(a)#0). Furthermore, P(x)=0 < x(x" + p) = g. Substituting

x' " =-=p/n, we obtain

x(_—p+p)=q = x=—22 _ Butx"'=-p/n.
n (n=-Dp
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n n-1 n n-1
Hence q =P = (f—) +( i =0.
(n-Dp n n n-1

12 Solution

n
Let P(x)= Y ax"" =x"+ ax" !+ a,x" 24K +a,_;x+a,.
r=0

Then P(x)=(x—-1)(x—2)K (x—n), as the roots of P(x) are the first n positive

integers.
n 1 n n
Hence gy =—-Y 0=—Y k= —En(n+1) and a, = [J(-o) = [ (k)= (-1)"n!.
k=1 k=1

At the same time

;=3 0= Ykl

1sk<i<n

In order to calculate this last sum, we use the following identity

2

n n

(Zak) =Ya?+2 Yaua,where gy €C, k=1K,n.
k=1 k=1 1k<i<n

n 2 n

Xk| =2k no n (n+1)(2n +1)

ksl J k=l Byt Sk=—n(n+1), ThP=2ETAT T
2 k=1 2 k=1 6

Hence a, =
So a =ln2(n+1)2—ln(n+1)(2n+1)=in(n+1){3n(n+1)—2(2n+1)}
278 12 ' 24

-_—%n(n+l)(3n2 _n—2)=2—l4-n(n+l)(n—1)(3n+2).
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