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Exercise 7.1

1 Solution

Expression relating X =V and v: V=—, k constant. This equation has solution
t :

v=C—%,C constant. t——>+oo,v—->5ms"=>C=5=>v=5—5k7.
! t

t=1,v=3=>k=4=>v=5-—722~. i

2 Solution
Choose initial position as origin, and initial direction as positive. When a particle is in

rest, its velocity equals zero. So we can draw a figure with conditions of motion as

follows
x=0 x=12 x=?
L 1 I >
=0 v=-11 v=0
v=20
v=-5
Equation of motion: ¥ = C—kx, C,k >0 constants, i. €.
v=C—-kx,

x=0,v=-5=C=-5=V=-5—kt,
x=12,v=—11=>k=1/2=>v=—5—%.

So we obtained the expression relating x and v

2 2 2
V=-— _f., _l_iv_=_5__x_, V—+A=—5x—x—, A constant,
2 2 dx 2 2 4
v: x?

x=0, V=20=>A=—200=>—2—=200—5x—7,
v=0=x+20x-800=0= x =20.

Hence the particle moved a distance of 20m before coming to rest.

3 Solution
k - —k2 2
(a)V=—=>x=vﬂ=£(—f)=_I§_,l C.,;f:’—lg—
x dx x\x x x

(b)Let 1, 1, and 1, be the times taken to travel the distances AB, BC and
CD respectively.
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A B C D x

A+C,C:-B+D

B-A=C-B=D-C=B= and C—-A=D-B;

v:—]i:>g’£=£:>xdx=kdt.
X dt x
B’ - A’ C’-B’ D’-C?
By integrating the last equation ¢, = , 5= and t; =
y integrating | q | & 2 ok 3 ok
The numbers #,, ¢, and ¢, are in arithmetic progression if and only if ¢, —¢ =1¢,—¢,.

But

2

| A+CY
, , AM+C-2 2
A+ C*-2B* ( 2 )_A'+C2—‘2AC_(A—C)

2k 2k 4k 4k

’

t,—1,

* 2
-B
analogously t3—t2:£—a—)—. Hence t,~t,=t,—t, < A—C= D~ B. is true.

4 Solution
Choose initial position as the origin and initial direction as positive.

Equation of motion: v=—kVv?, k>0 constant.

. , 1 ) 2 d 2
(a)vz_kv-:_ﬂ_z—kf: \2’ =—2kdx = Inv’+ C=—2kx, C constant,
v

2
x=O,v=V:f>C=—1nV2:>1n(5;}=—2kx:>v=Ve‘“.

This is the required expression.

(b)\'/=—kv2:ﬂ:—kvzzd—zvz—kdt:_—l+C=—kt,Cconstant.
. , dt \Y v
1
t=O,v=V:>C=—:>l—l=kt:>v= . And we found the expression
Vo v VvV 1+Vkt

v =‘v(t).

ekx

Further, from (a) v =Ve™** :?:Ve‘“ = e dx =Vdt = P +C=Vt,C
t
constant.
| 1
t=0,x=0=2C=-—=—-—=Vt> x=—In{Vkr+1}.
k k k k
5 Solution

d _-
v dt
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(b) l=A+Bt, t=0,v=80=>A=§16.From(a) v=-Bv?’;
v

. I
~0,v=80,V=-l=B=——.
F=5ov 6400

Furthermore,

1 dx 1 In(A + Bt
v= dx = dt =>x+C=-EL—-—), C constant.
A+ Bt B

= —
dt A+ Bt A+ Bt

ln(l +-—-tJ
t=0,x=0=> C=M=> x=————4———. Substituting the values of A=i and
B B 80

1
T 6400°

x = 64001n 1+—’—).
80

B

At the same time from ( a)
V=B =1
2 dx

de
=—Bv2=>—\7—=—2de=>lnv2+C=—2Bx.

2
v

x=0,v=80=C=-In6400= In 200" —2B x = v =80e™%*. Substituting

1
6400

B= , v=_80.¢ X640

6 Solution
Equation of motion: m¥ =—kmv® = v =-kV’, k>0 constant.

Relation between vand f: ¥ = —kv? = L= kv’ = ﬂ3= —k dt = ;1?+C= —kt,
dt v 2v

C constant, and ‘

1 1

1 u
t=0,v=u=C= = = +kt=>v= .
2 2v 2 T 2k

Relation between v and x :

\"=—kv3:vﬂ=—kv3=>-fd-:’—=—kdx=$:1-+c=-kx,
_ dx v© \Y
C constant.
x=0,v=u=>C=—l-=>—1-=l+kx=>v=‘ .
u vV u 1+kux
7 Solution

Choose initial position as the origin and initial direction as positive.
Equation of motion: m¥ =—-mk —mv? = v=—k—v?, k>0 constant.

Initial conditions: t =0, x =0, v=u.
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The distance travelled as the particle is brought to rest:

v=—k-V’ ::»_l aV_ o kv o
2
de b y
>~ =-2dx = In(k+v )+C:—2x, C constant, and

k+v-

2 k'l"V:Z
x=O,v=u:>C:—1n(k+u‘):>1n( ,)=—2x-.

k+u

When the particle is brought to rest its velocity is zero. Hence substituting v =0 into

2
u

. 1
the last expression we obtain the travelled distance x = Eln(l +—

The time taken as the particle is brought to rest: V=—k-v’ =

b

)+C=—t,and

u u

:)

moveamen o) ()

. 1 af u
Substituting v=0, t =—=tan" | — |.

8 Solution -

Choose initial position as the origin and initial direction as positive.

Equation of motion: m#% = —mk(v* + C*) = v =—k(v> + C?), k >0 constant.

(a) xy, and ¢t,, denote the required distance and the required time respectively.

Relation between v and x :

2 2
\.‘/=—/<(v2+cz):>%dV =—k(V’+C) = Zd: = = —2kdx =
NERp=

ln(v2 + C2)+ A=-2kx, A constant.

x=0,Y=2C:A=—1n(5C2):x=%<—ln(%J
NE

The halved speed v=C= x,, = L]n > .
2k \2

Relation between v and ¢ :

V:—k(VZ+C2)_——> zdv 5 =—kdt:>__1..tan_l.X_+A:_kt,
vi+C* C C

A constant,and t=0,v=2C= A = ——-é— tan'2 =

t= —]—(tan'l 2 —tan™" 1) )
kC C

ey

)
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1 -1 -1 -1 -1 1
f v=C=1,,=—{tan” 2—tan 1}, but tan™ 2—tan" 1=tan~ —. Hence
If v 2 kC( ) 3

1
t,,=——tan"'=.
27 kC 3

( b) Denote x, and ¢, the distance and the time for the particle to come to rest. Then

from (1), if v=0,=x, = Lln5 .
2k
. . 1 5 1
And hence the additional distance x, —x,, =—| In5—In—|=—1In2.
2k 2) 2k
From (2),if v=0,=1, = —l—tan'l 2.
kC

Hence the additional time #,~1,, = L tan™' 2~ tan™ 1 .
kC 3

But tan™ 2—tan” + = tan1= % ty =1ty _Lr
3 4 kC 4
9 Solution
2 2
Equation of motion: mi =— - LA _g_z.
x x
Initial conditions: x=r, v=u.
2 2 2 2
. 1 2
(a) v=—SL :_dv =_& :dv2=-2gr2£2:V'+C=2gr , C constant.
x° 2 dx x x x
2 2 23"2
x=r,v=u=>C=2gr—-u =V =u-2gr+ =
x

V=\/;—2gr(l—LJ. (1)
X

( b) The particle will escape from the attraction of the earth if

V—v_>0asx—> . Butfrom (1) v, =+u’-2gr and hence
v, >0 as u’>2gr.

10 Solution

T=2x /5_18_1 is the period of the pendulum at ground level and T=2n ’% is the
period at mountain level. Then L = 281 =T 9 8 =T -T=T 281 _ 1
T 9.8 9,8

The pendulum will be wrong per T seconds by T — T seconds. Hence it will be

-7 seconds. There are 24-3600 seconds in a day,

wrong per every second by

therefore the pendulum will be wrong per day by

T-T
24~3600-( ) —24.3600] |22L _1|=a4s
T 98

’
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11 Solution

Let T=2x ’_9_18—1 and T =2x \/—T- be periods of the pendulum at ground level and at
’ g

the new location respectively. Then the pendulum will be wrong per every second by

I-7 = 9.81 —1 seconds. Hence it will be wrong per day by 24'3600'(T ; T)

T g
: . . 9,81
seconds. So we obtain the following equation o8 —1]24-3600=130,
8= 9,8 1 7 8= 9,803 ms-z .
30 , .
+——

( 24. 3600)
12 Solution

Sam, 9m 4. Hightide «x=31=0

7,5m 4. Minimum depth «—x=151=7

6m L Center of oscillations «x=0

11,20 am,3m 1 Lowtide ¢~x=-3,¢=380 min

‘Period T'=2-(11,20-5)=2-380= 760 minutes
Amplitude is %(9 -3)=3m.

.. . 2
Motion is simple harmonic = ¥ = —n’x, n= g
T 380

This equation has solution x =3cos(nt+0), 0S o < 27.
Initial conditions: =0, x=3=cosat=1=> 00 =0=> x =3cosnt . A minimum depth

is 7,5m if x =1,5 = we have the equation

l,5=3cosnt=>c05nt=l=>nt=-73:>t=-£=§8—9=2,06.
2 3 3n 3
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Hence the latest time before noon when a mily(mum depth of 7,5m of water is
5+2,06=7,06.

13 Solution
945am, 15m .} High tide . ex=51=0
12,5m_  Minimum depth «x=25
10m L Center of oscillations «—x=0
3,30am, 5m.J. Lowtide «—x=-5,¢t=375 min

Period T =2-375=750 minutes.
. 1
Amplitude is 5(15 -5)=5m.

D . . 2 =
Motion is simple harmonic = ¥ = —n’x, n=—=—.
T 375
This equation has solution x =5cos(nt+a), 0S o <2x.
Initial conditions: t =0, x=5=cosat=1=0=0= x=5cosnt.

(a) The level of water of 12,5m corresponds to x =2,5=> we have the equation
2,5=5cosnt, cosnt-:l, nt=—E or nt=£, t=———ort
2 3 3 3

i.e,t=-2050r1t=205.
As t =0 corresponds to 9,45 am, the ship can safely enter the harbour between
t,=945-2,05=7,40 am and 1, =9,45+2,05=11,50 am

(b) The level of water of 13 m corresponds to x =3. Hence

3=5cosnt = nt =cos™ % .Then

2
|V| = |x| = 5nsinnt = 5nsincos™ 3 = lvl =5 |1- (-3—) =0,034m min™'.
-5 375 S
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Exercise 7.2

1 Solution |
Choose point 0 as the origin and { as the positive direction.
Equation of motion: v= g —kv.

Initial conditions:t =0, x =0, v=0.

Terminal velocity V hence g=kV =k=g/V.

Expression relating x and v

Expression relating v and ¢

v=g—kv, v=g—kv,
dv v
V—=g-kv, —=g-kv,
dx g dt &
—kvav dv
- = ’ dt: ’
g—kv g—kv
—kdx={_ . }d", k= X0
g- 8= kv
—kidx=kdv+ g &Y ~kt+C=Inlg-kv| C
constant,
—k’x+C=kv+gln|g—kv| C constant, t=0,v=0=>C=Ing,
x=0,v=0=C=glng, P A
k |g—kv
v & g
x=——+-Ln}—2 | 1
k kK |g—kv M
From (2) In|—&—| =kt = from (1) x=—~+5+ . But k=g/V,
g —kv k Kk

hencex=-—ﬂ+Vt=> xg+VW=Vgt.
8

2 Solution
Choose point 0 as the origin and | as the positive direction.

Equation of motion: v = g — kv*.
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Terminal velocity V hence g =kV>=k=g/V>.

Initial conditions:t =0, x =0, v=0.

Relation between v and x : Relation betweenv and ¢ :

V"-:g—kvz, V‘:g"‘kvz,

1 de 2 2

—_———— —kv" —_— —kv ,

2 dx & t &
—k dv? k

—2kdx= dvz’ -\/—];dtz._ﬂd_\_l_z,
g—kv g—(ﬁv)

—2kx+C=In |g - kvzl C constant,

\/—dt—{ w/— \/—l; }dv

J— ‘\/—V \/E+«/l;v ZJE’

x=0,v=0=C=Ing,

S+
2./kg t + C = In=——"F7,
T ey
x=—in|—8 (1) t=0,v=0=C=0,
2k |g—kv
1 I\/_+sf—v, 2
RN R N
5 va=Z and k=g/V2,then from (1) )czﬁlni and from (2) t=—V—1n3.A
2 2g 3 2g
3 Solution

1. Free motion: choose initial point as the origin and | as the positive direction.
Equation of motion: v=g.

Initial conditions: t=0, x=0, v=0.

Find v=v(¢) and x = x(¢):

v=g= v+ C=gt, C constant;

2
t
t=0,v=0= C=0=>v:gt=>i=gt=>x+C:%—,C constant;
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t
r=0,x=0:>x:§2——.

Let vandx atatime ¢ = ?;— be V and h respectively. Then from the relations v = g¢

gt’ g

and x =2— weobtain V==~ and h g
2 2k

= FYCk |
2. Motion with resistance: choose the point where the parachutist opened his
parachute as the origin and | as the positive direction.

Equation of motion: v=g—kv.

Initial conditions: t+=0, x=0,v=V .

Relation between x and v:

\'/-—-g—kv:foviv-:g—kv:nix:
dx g—kv g—kv

'—kdxz(n —gkvjdv:>——k2dx:(k+g )dv=>—k2x+C=kv+gln|g—kv[, C

8- g—kv
constant;
x=o,v=v=>c=kV+g1n|g—kV|=>x:—%1nlg | ).
. o g-kv| &
ButV:iandifv=§£,thenx=—g2—ln2—-iz.
2k 4k k 4k

The total distance the parachutist has fallen is A+ x :

h+x=%1n2-i+ 4

4k 8k?’

h+x=8—‘£7(81n2—1).

4 Solution

Choose initial position as the origin and { as positive direction.
Equation of motion: v = g — kv?.

Initial conditions: t =0, x =0, v=0.

(a ) Find relation between x and v:
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1 av? av? —k dv?

x=0,v=0=>C=lng=>—2kx=ln1——k—v2=>
4
2_8& ~2kx
vi=={1- . 1
=(1-¢7) m
2_ & ~2kd, ~24d, 2 k
(b)From(l)v,:—(l—e ')=>e t=l—-vy—=
k g
k2
e e =(1—v,’ —J . (2)
4

2
From (1) [% v,) = -]‘%(1 - e’u(“‘)) and taking account of (2)

2 2 2
(-S'Vl) 5:]— ]_Vlzﬁ ==>EV1215‘=2V|2£—V: E. =>£=_7__L2
4 g g 16 ¢ g g g 16v,

As the resistance to the particle’s motion is mk v?, the greatest possible speed of the

o g k7 1 4v,
particleis v=,/= . But —=—-— > V=—p.
k g 16 v NG
5 Solution
(a) Choose initial position as the origin and initial direction T as positive.
Equation of motion: v=—g—kv.

Initial conditions: t =0, x=0, v=u.

Relation between x and v:

Relation betweenv and ¢ :

dv dv

V—=- +kV N —_—= +kv >

5= e+kv) 5 = e+ k)

~dr =Y, cdr=—_,
g+kv g+kv

—kdx=kav, —kdt = kdv ,
g4k g+kv .

—kdx:(l—— 4 )dv, —kt+C=In|g +kv|,

g+kv
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k
( gg+kVJ

r=0,v=um C=In|g+ki,

—k2x+C=kv——gln|g+kv|, t=—_7c—l—ln

gtkv

(2
g+ku 2)

x=0,v=u=> C=ku—gln|g+kul,

g+kv
g+ku

u_v+£ln'

kK ) D

If the particle reaches its greatest height H atatime 7, its speed Vv is equal to zero.

8 | Andfrom (@) T = —Lin|—%
g+ku k |g+ku

& =,_kT:>H=%_g:2T:>u=kH+gT.

Hence from (1) H=%+Zgz—ln

From here In

g+ku
( b) Choose the highest point reached as the origin and | as the positive direction.
Equation of motion: V=g —kV. |

Initial conditiohs: 1= 0, x=0,v=0.

Expression relating x and v: Expression

relatingv and ¢ :

dv dv
v—=g-kv, —_—= —kV,
dx d dt d
dav
dx= v s dt: dV ,
o g—ky g—kv
g—kv g—kv
g
—kdx=|1——2—|dv, —kt + C=1njg - kv|,
-] e~
2 -k
—-kdxz(k+g-———jdv, t=O,V=O:>C=]ng,
g—kv
—k2x+C=kV+gln|g—kv], t:—l—ln g . (4)
- k |g—kv

x=0,v=0=C=¢glng,
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g | (3)

As the particle reaches its original position, v=w and x = H , hence from (3)

H:—K+—g—z-ln g . At the same time from (4) as v=w and ¢t =T’ we obtain
k k g—kw

7" =2 1n|—8 | Fromhere In|—8—| = k7" = H=-2+ 8 k7" = w=gT" —4H.
k |g—kw g—kw k k°

6 Solution
( a) Upward motion.
Choose the point of projection as origin and T as positive direction.
Equation of motion: v =—g—kVv’.
Initial conditions: ¢t =0, x=0,v=V.
Expression relating x and v::
1 adv? av? —kav?

———=—(g+kV}) = 2dx= - = 2kdx= - =
2 dx g+kv g+kv

2k + C=In|g +kv?|;

x=0,v=V=C=I|g+kV=

2
x= 1|8V (1)
2k |g+kv

At the maximum height, v=0. Let the maximum height be 4. From (1)

h=—mf+Xy? )
2k g

( b) Downward motion.
Setting the origin to the maximum height attained and { as the positive direction.
Equation of motion:v=g—kv.

Initial conditions:z =0, x =0, v=0.

Terminal velocity: as v—0.v— \/% =V.

Expression relating x and v:
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3
2

av

L& = 2dx= _ = 2kdx = 5= —2ke+ C=1Inlg - kv?|.
2 dx g—kv’ g—-kv’
L
x=0,v=0=>C=Ing = x=—1In ==
g—kv’

=—1In
= (3)
As the terminal velocity V = \/% , it follows from (2) that
h= Lln 2 ‘ 4)
2k

Let the speed of the particle when it returns to its projection point be «. Then from (3)

h=—In .
2k _k o

g

From hére and from (4)
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Exercise 7.3

1 Solution

15

(1)

(2)

Axes and origin:
y4 After ¢+ seconds the particle is at position:
4 x(t)=Vcosa-t,
y(t):Vsina-t-g—tz.
a 2
Y (a) As the particle hits the ground, its coordinates

O is the point of projection are x = R,

y=0;y=0= from(2) t=zVsina;
8

2 . .
x=R= from (1) R=Vcosa-t=>R=Vcosa-—Vsma=>sm2a=%1§;

8

2
R<V—=>sin2a<1=>2a=(—1)*arcsinf,—f+nk, keZ.
g

But O<a<§=>0<2a<1t,hence 2oc=arcsin‘%12j or 2a=1’c—arcsing—lj.

So there are two possible angles of projection for a given R: o, = -;—arcsin-‘g;—f and
t 1 . 8R . T

o, = —~——arcsin—=-. Obviously, o, +0o, =—.

25575 n V2 Y, & T, 5

x R
(b) From (1) t = , hence ¢, = and 1, = ——. So we have
V cosa Vcosa, Vcosa,
R’ R’ 2

Lt = =— .
' VZcosaycosa, V2 cos(o, — o )+cos(a, +a )

2 2
tl.t2=R_2. 2 =£2._2_=.%R =>R=lgtlt2-
1% T . 8 V: gR ¢ 2
cos| 7 ~arcsin Ve
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As the particle attains its highest point, its velocity y=Vsina— gt is zero.

Vsino
4

is the time when the particle reached its greatest

Furthermore, y=0=1t=

height. Hence from (2) the greatest height is

i v: ., Visina
h=Vsin0L-V—Sm—OL—---‘gi —-sin” @ = —————.
g 2g 2¢g

2 2
sina, -sinc, = 4 (cos(at, - o, )—cos(et, + 0, ), and
8

2
So we have 4,/ h, = 4

V? gR
4fh b, =—g—v2 =R.

2 Solution
Axes, origin and path: After ¢t seconds the particle is at the position
x=Vcosa-t, (H
. gt
y=h+VSll’](X.'t’—T. 2)

O is the foot of the cliff. OH = h. OP is the

» distance from the foot of the cliff to the point of

impact.
g’
(a) As the particle hits the ground, y=0; y =0= from (2) 5 Vsinot-t—h=0.

Solving this quadratic, we obtain the time of flight

Vsino++/V?sin® a+2gh
‘= sin \[ i gh 3)
g
Hence from (1) we get
Vsina+4V2sin‘o+2gh
OP =V coso.-| ~— \[ £1. 4)
8
(b) Since tanf = y’ :—)_i,but tanff =—-2tanot = —2tana=—)_}.Hence from (1) and
. X
Vsino — gt
(2) we get —2tanot = —————=>—, and
Vcosa
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_ 3sing V.
4
Equating (5) and (3), we get
3sing |, _ Vsino+yVsin’a+2¢gh
g g ’

v=1/£$ﬁ 1
3 sina

17

&)

2sinaV = \/stin2 a+2gh;

(6)

Now we can express the distance OP in terms of A and o.. Substituting (6) into (4),

we obtain

\/Zgh \/Zgh
==+ [—=2—+2gh
OP = ’2§h coso 3 3

sinc

3 Solution

8

After ¢ seconds the particle is at the position:

; OP =2hcota..

x(t)=Vcoso-t, m
Axes and origin:
A gt2
y ¥(t)=Vsino-r-=—. )
2
vV
(a) tanB:y;=->_'—,hence from (1) and (2) we get
X
a
Vsina— gt
- tanf = — =, where
o ” P Vcosa
O is the point of prejection
P Pr t=Z=>tan!|3=tana— g Z; y=0,t=T>=
4 Vcosa 4
from (2) Z=VS'mOL.And hence
yA 4
_________ tan = tan 0.~ —& Ysina _1
""""""" Vcoso 2g
&.4/ \B X
@)
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(b)
Yy . 5
1y] |ana4—{gr/2j
tany =1~ = '
X Vcoso -t
2 _ . .
x =>ltana='gt /2-Vsina t=>
o% === > 3 Vcosa -t
""""""""""""" jY \ 1 gt
~-ep —tana=—=———tanc
. / 3 2V cosa. :
A [2Vsing b from (@) T= 20 Sy
3 g g 3
4 Solution
After ¢ seconds the particle is at the position:
Axes and origin:
A g x=Vcoso-t, (1)
g v gr’
y=Vsin0L~t—-—2—. (2)
a
X
o >

O is th int of prejecti
1s the point ol prejection (a) Obviously tanf = l, hence from (1) and (2)
x

Vsino-t—gt*/2
=

tanf} =
P Vcoso-t
n-B x tanthana———g——- 3)
> 2V cosa
Also tan(n— )=y, = from (1) and (2)
—tanB:—)')=m—q—:g—t; tanf} = t—tanq .
X V cosa Vcosa
. . 3 g
Equating this with (3), tano — g t= g t—tano; — t=2tanq ;
d & 2Vcosa  Vcosa 2 Vcosa nes
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t=i-‘isima 4)
3¢
g 4V .
b) From (3) and (4) tanB = tano — —2———-— —sin ;
(b) From (3) and (4) tan 2Vcoso 3 g

1
,tanB=§tana=>3tanB=tana.

5 Solution
Axes and origin: After ¢ seconds the particle projected from A
yA is at the position:

14 YV =20ms™ :

x=—A0+Vcosa-t, ¢))
45° 45° x ) -
5 y=Vsina-t—gt*/2. (2)
A 0] B

O is the centre of AB, i. e. AO=0B= 20m. Because of the symmetry of conditions of the

problem the particles collide over the point O.

mr=—2 ___fs,
V cosot 20cos45°

x=0=from(l) t=

t=+2 = from (2) y=20-sin45°-s/—2_—£22=>y=(20—g)m.

6 Solution
Axes and origin: Initial conditions: when t =0
|4 V.
O=A X x, =V, cos6,, x, =-V,cos0,,
¥, =V,sin8,, ¥, =V,sin6,.

Hence after ¢ seconds, the two particles are at the positions:

x,=V,cos0, ¢, (1) x,=X~-V,cos0,-t, 3
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yI=V]sin9,'t—gt2/2, (2) Y, =V,sin®,-1—g1’/2.  (4)

(a) The two particles collide at a time 7 if and only if at that moment their

coordinates are equal. Hence

t=T, x,=x and 1=, %=y,
from (1) and 3)= from (2) and (4)=
V,cos6,-T =X -V, cos6, -T V,sin6, =V,sin6,
| (6)

X = (V,cos8, +V,c0s6,)-T (5)

and this is the second condition.

(b) .

in’ , 16
tan 6, LN 51T179, LN sin® 6, =(l—sm29,)-—:>
3 cos’H, 9
sin 6, =i=>Vlsin9,-=45-i=36.
5 5
tan6, =§=> sin @, :§=>stin€)2 = 60-—?3=36.
4 5 5
Hence the condition (6) is fulfilled, and so the particles must collide.
1
From (5) T = X =T= 30 =T =2s.
V, cos 6, +V, cos8, 45-1-16/25+60-41-9/25
Furthermore t=T=2s= from (2)
4 .

y =45-§-2—i2—i = y=(72-2g)ym= y=52m.
7 Solution

Let the second particle be projected with speed U at an angle of elevation f3.
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Initial conditions:

the first particle when t =0 the second particle when

t=2
x
» x,=0,y =0, x,=0,y,=0,
x, =Vcosa, x,=Ucosf,
y, =Vsina, y, =Usinf.
Equations of motion:
X =0y=-g x,=0,5,=-¢
= x =Vcosa, = x, =Ucosf},
y=Vsina—g-t, )'lZ:UsinB—g(t—Z).

Hence after ¢ seconds the particles are at the positions

x=Vcosat (1) = x,=Ucosp-(t-2) (3)
2
-2
; y,=Vsino-t—gt?/2 (2) y2=USinB(t—2)—i2——)—. (4)
As the particles collide, their coordinates are equal to each other. Hence
1
‘ t=3, x,=x,= from (1) and (3) 3V cosa =U cosf. (5)
t=3, y,=y,= from (2) and (4) 3Vsina—4g=Usinp. (6)
o 4g 3
Dividing (6) and (5), we get tanf} = tanot — —- .But tana=—=
V cosa 4

4
(l-—cosza)=—9——-cosza:> cosQt=—.
16 5
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3 4.g i

=———°.———=tan
Hence tanf} 2773 40.4/5

3V cosa

From(8) U=——7
cosf

4 10

1 3
.But tanB=—= cosp=——.
P 3 P V10

Hence U =3-4O-E-—3-=>U =32-410ms™.

So the second particle was projected with speed 32-4/10ms™ at an angle of elevation

8 Solution
Iriitial conditions:

the first particle when r =0

X =0, ¥, =0,

x, =Vcosa,

¥ =Vsina,
Axes and origin:

.yA

x,=Vcosa-t,

the second particle when 7 =1
x,=0,y,=0,
x,=UcosB,

y, =Usinf,

225

=1—5—Qms", U= —ms,

%

4 3
tano =—, tan ==,
3 4

After ¢ seconds the particles are at the positions

(1)  x,=UcosB-(r-1), 3)
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2
. ) t—1
y, =Vsino-t—gt?/2, (2) yz=Usml3(t—I)—g(2 ) . 4)
Let us first find the values of cosa, sino and cosf, sinP:

4 . 2 16 .2 ) 4
tan o = — = sin a:—(l—sm a)=>sma=—, hence
3 9 5

— 3
cosot =+/1—sino = cosor = =.

3 . 3 4
Analogously, tanf===sinf ==, cosf=—
4 5 5
The particles collide, if and only if at a certain moment their coordinates are equal.

Equate x, tox,.

U cosP
U cosB -V cosa

x,=x,=Vcosa-t=UcosB-(t-1)=t=

t= 1 =
1-Vcoso/UcosB

1

’=1_(150/7)-(3/5)=”=25' If t=2= from @)
(22517)-(475)
—@.i.z_lo"": —l—(ﬂm
yl 7 5 2 yl 7
and from (4) yz—zzs.g_gzz, 2=£’9m.

T 5T T T

Hence, when =2, we have x; =x, and y, = y,. So the particles must collide at the

moment ¢ =2. In other words they collide one second after projection of the second

particle.

9 Solution

Initial conditions:
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the first particle when =0 the second particle when ¢ =0
x=0,y=0, x,=0,y,=h,
x, =Vcosa, % =U,
¥, =Vsina, y,=0,
Axes and origin:
VA After ¢t seconds the particles are at positions.
U
B - .
x;=Vcoso-t, ¢))
14 A: 2
y,=Vsina-t—&, (2)
. a ¥ 2
A >
o ' U _ 3
U=30ms", h=AB=45m x, =Ut, (3)
, . B: gt’ A
Y2 = 5 (4)

(a) As B reaches the ground, y, =0;

w2 w2
y2:0=>from(4)t=(gﬁ) :t:(%s—) = t=3s.
g

Let R be the horizontal distance travelled by B. Hence =3, x,=R = from 3

R=U-3=R=30-3=90m.

(b) t=3, x, =R = from (1) 3Vcosaa=R; (5)

t=3, y =0= from (2) 3Vsina=§g. (6)

L 9g . 9.10 1 1
Dividing (6) by (5), tana =<2 = tana =——= tanat=—= o =tan"' —;
g (6) by (5) R 790 5 an™ =
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t=3,x=R= from(l) V= . But tana=l,hence
3cosa 2

(1 —cos’ a) = %cos2 o=

0 Jg V=15w/§ms".

cosa=72§.Hence |4 =—93—-T=>

10 Solution
Axes and origin: Initial conditions.
Y A y ‘
D g-————> The particle from A The particle from B
U - whent=0
a x
A » x,=0, =0, x,=0,y,=d,
O  AD=4
x, =Ucosa, x=V,
» =Usina, ¥, =0.
After t seconds the particles are at positions
x, =Ucosa-t, (1) - x, =V, (3)
. gt2 gt ?
)’|=Usma‘f—_2"» (2) »n= _'_2—» (4)

(a) The particles do collide at a time T if and only if at this moment x, =x, and

Y, = Y,. Hence

t=T, x,=x,=from(1)and (3) V=Ucosa. (5)
t=T, y,=y,=from(2)and (4) Usina-T=d. (6)

And (6) is the second condition which must also be satisfied.
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4 2 .
(b) tana=—8—=>sin2a=—6——(1—sin'a)=>sma=£.
1 225 17

172
Hence cosa = l—éi =>cosa=~5—.
289 17

Now we can check (5): 45=51-i—§—=>45::45. Hence (5) is fulfilled, and so the

particles do collide. From (6) we find the time of collision T:

d 60
- =7 =——
Usino 51-8/17

T = =T=25s.

Let h be the height at which the particles collide. Hence t=T,y, =h= from (4)

2
h=d-8L o po60-10625 h=28,75m.
2 2
11 Solution
Axes and origin:
Y A vV : U
‘ ‘;
o h x
O >
1 d A .
" Initial conditions when ¢t =0:
projectile target
x =0, y,=0, x,=d, y,=h,
x, =Vcosa, x=U,
y, =Vsina, y,=0.

Equations of motion
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x, =Vcosa-1, 0y} _
gtz x,=d+Ut, 3

b/ =Vsina-t—7, (2) y2=h, (4)

(a) Let T, be the time when the projectile reaches its greatest height. Then =T, ,

$ =0= from (2) Vsino—gT, =0= T, =L 5n&,
g

t=T,, y, =2h= from (2)

. 2 . 2
(Vsina) __g(Vsma) -

2
2h=Vsinoc-Tm—-§£=> 2h=
2 8 2\ &

Visinta

h=————_.Let T be the time when the projectile reaches the height 4. Hence

8

2 .
=T, y=h= from (2) Vsino, T~ &1— = p= 72 -2V S% 7 2k
8 8

. 2 .2 2 .2
T= Vsmoai\ﬁ/ Sl? a—z—h,but h=un—ﬁ, so we have

4 8 8 8

Vsina 1

T= 1-—=|or

g ( ﬁ)
T=vSma(1+_1_)_

g V2

Vsina 1. . T
Here T := 1—72_- is the time when the projectile just clears the wall and
8

T:=Vsma(1+-—1—) is the time of collision. Hence t=T7,x,=d = from (1)

+ g \[2—

Vsina /2 -1 J2 -1
d=Vcoso.-T. = d=Vcosa- — i d=6|X—|=d=3(2-/2)m.
cOS = CcOS d ( > ) [ > } ( )m

b t=T,x,=x,= from (1) and 3) Vcosa.-T, =d+u-T,, u=Vcosa—% and

+

from (a)
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V2 -1

= 10(6—1)ms".

12 Solution
Axes and origin: (a) V Equations of motion
Y A 14 '
x =Vcosa-t,
(o4 X 2
Or- > y =Vsin0£~t—g7.
d' -

Let the time of collision be T . Hence :

: ' d
t=T,x=d= from(l) d=Vcoso.- T=T= ;
Vceosa
T’ T
t=T, y=0= from (2) 0=Vsina- &8 Ly= g
2 2sinQ
V2
.=$V=fg-d = V= ,dg).
2sinat Vcoso sin2Q
Axes and origih: (b) Equations of motion
Y A 14 )
U projectile target
a / b
O P >
x,=Vcosa-t, )
< d 12
y,=Vsina-t—g7, )
x,=UcosB-t+d, 3
y2=UsinB-t—g;. (4)

u=Vcoso— 2 ( NS J((Vsina)/g)'((‘/5+l)/‘/5);

: 2
=V ~Vcoso)| —— |;u=Vcosot-——;u=2Vcoso \/5—1 ;
w=Vcosa-Ve (ﬁHJ y 2 (V2-1)

(D
(2)
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At the time of collision the coordinates of the projectile and the target are equal.

Hence
x,=x,= from(1)and (3) Vcosa-t =UcosP-t+d=1= d :(5)
Vcosa—U cosf
. . UsinpB — ..
y, =y, = from(2) and (4) Vsina=Usinf=V =— . Substituting this into
sina
(5), we get
dsino _dsino 1

t

=U(cosasinB—cosBsina);t_ U .sin(B-—a)'
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Exercise 7.4

1 Solution

2
a= A is the observed acceleration.
r
82
(a) v=3_8, r=2=>a=?=>a=32 ms2.

2
\% F
(b) The resultant force F is ma= my . Hence F =y =>m= rv So we have

3 -

r r
v=3r=6F=6=>m= '2 =>m=4kg.
2 Solution
Forces on P Here T is the tension in the inextensible string

whose length is / =0,5m, and N is the reaction

2
.. \Y
force. Observed acceleration is a = T Hence the

2
. mv
vector sum of forceson P is — towards A.

(a) The resultant has vertical component zero = N =mg .

m=0,25kg = N = %g . The resultant has horizontal component

2 2
mazm—v =:~T=m—v ;
i i
m=0,25,1=o,5,v=8=>T=O’25'64=>T=32N.

. . mv’ 50-1V%
(b) The string breaks if 7> 50N . Hence from (a) T <5S0=v<|—| .But
m

VA
mz%: mg(i’lj . m=025,1=05= ®<20rad 5™
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3 Solution
Forces on P Observed acceleration is a = ml ®?, where
®w=2nrad s, and I =2m is the length of string.
J P (a) The resultant has horizontal component
’ ma=mlw’ =T =mlo’;
mg

m=2,1=2,0=2n=>T=16n>N.

2
. Hence

(b) The string breaks if T >20 g . But from (a) T = ml@? = T =2

my; <20g = vs(zo;f'l)%; =2, m=2=>v<(20g)".
4 Solution
Dimension diagram Forces on P
T N
6
P
mg

I=1m,h=0,5m, (o=27n=7t rads™.

Observed acceleration is a = r®?, where r =+1? - h* . Hence the vector sum of

forces on P is ma=mr®’. The resultant has a horizontal component

2

. mrQ@
mro®*=TsinB=mro’= T=

Butsinb=—=T=mw?l;
sin© l

m=Ll=l,o=nt=T=n’N.

The resultant has a vertical component zero = T cos0+ N = mg = from (a)
h

N =mg - mm’lcos6. But cosB=7=> N =mg-mo’h;

2

m=1,h=0,5,0)=1t=>N=g—-n2—N.
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5 Solution

Dimension diagram Forces on P

mg
O is the center of the N is normal to the surface
hemispherical bowl at P, hence directed towards O.

P performs uniform circular motion about C, hence the resultant force is directed

.

towards C.
The resultant has a vertical component zero = N cos0 =mg . (D
The resultant has a horizontal component mr®> = Nsin®=mro®* . (2)
‘ ro’ r 1 g
Dividing (2) by (1), =tan6.But tanf = ——0x=—=0’= :
° Y 8 4r* — p? V3 r3
6 Solution
Dimension diagram Forces on P
T N
A
0
P
/4
mg

. A%
Observed acceleration is a = —, where
r

2

r=~NI?-1*/9 = (w/g/ 3)-1 . Hence the vector sum of forces on P is ma = my and
r
directed towards C.
2 2 2
(a) The resultant has a horizontal component = Tsinf = my T= m.v .
r r rsin®
But sin@="=7=2"Y_
{ - 81
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The resultant has a vertical component zero
2

cos0.

=TcosO+N=mg= N=mg-

2
But cose=l=>N=m g-—ﬁ- .
3 81

2
(b) As N 20, then from (a) m(g—%]zo: vzs%.

7 Solution
Forceson P
VZ
Observed accelerationis a=-—.
r
k Hence the vector sum of forces is
E = 8V’ P; = r—z,
mv- .
OP=r. ma=—— and directed to O.
r
(a) The horizontal component of the
2 2 2
. \Y mv k mv
resultant force is =>F-F= = 8v—-—=
r r r r

2
v 3k oo v, =-4—riwf(ﬂ) —M;
m mr m m r

k=75r=1m=02=v,=25and v_=15.

2nr Tv
=r=—;
2R

b)) T=

=2 v=20=,=220,, o
5 5 2r
2

my = k=8vri—-mvlr; r=2,v=20,m=02= k =480.

From (a) 8v—£2=
,
(c)From (b) k=8vr’—mv?r; r=1,m=02= k=8v-0,2v2. The function
k(v)=8v—0,2v* has the derivative k’(v)=8-04v.Hence k’(v)=0= v=20.
And k”(v)=-0,4<0= atthe point v =20 the function k(v) has its maximum

value k(20) =80.

S0 0<k<80.
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Exercise 7.5

1 Solution

Dimension diagram Forces on B

- The resultant force on B is horizontal towards C
of magnitude mr®’. The resultant has a vertical component zero

= Tcos@=mg. But cose=§:>T=-’—”hﬁ; I=2,h=1,m=6=T=12g.

The resultant has a horizontal component mr®’ = Tsin®=mro’. But

sin6=— and T:ﬂi-f’i = ? =%; h—1=>co=\/g
2 Solution
Dimension diagram ’ Forces on B

The resultant force on B is mr®® horizontally to the left.
(a) The sum of the horizontal components is

mro® = T,sinB+7T,sin6 =mrw®. But
sine=§=> T+T,=mlw’. (1)
The sum of vertical components is zero=> 7, cos® =T, cos8+mg . But

1
c059=5=>7}—7‘2=2mg. (2)
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2
(1) + @) :T,:m(l‘z"—+g).

2 iy
From (1) = TL,=mlo -T,=>T,=m — T8

2 12
(b) We have T, >7,. Hence 7, >0= l—;)——g>0=>(o>(27g) .

3 Solution

Dimension diagram Forces on A

Forces on B

AT

A

ymg

(a) The resultant force on A is zero =T =mg (1)

The resultant force on B is prw’ horizontally to the left. The sum of
vertical components zero = Tcos8 =1 g. But cos6= % =T=2ug. Using

(1), m=2p.

(b) The sum of horizontal components is prw’. Hence Tsin®=pro’.

But sin8= L and
21

T=2pg=>m2=§=>(o=\/%.
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4 Solution

Dimension diagram Forces on A

‘Forces on B

AT
A

mg

(a) The resultant force on'A iszero >T=mg.
The resultant force on B is mr®’ horizontally to the left. Its vertical
.component is zero = Tcos0+Nsinb=mg =N = mg(2—x/§).
(b) Its horizontal commponent is
mro’> = Tsin@-Ncos®=mro’ =ro’ = g(2— \/5)

But r=%=> m;(z—g(z—ﬁ))w.

l

5 Solution
Dimension diagram Forces on A

- Forces on B

AT

A

mg

(a) The resultant force on A is zero = T =mg.

2

The resultant force on B is 2 horizontally to the left. Its vertical

r

component is zero = Tcos@ =1 g = cosO = E]Tg =0= cos"(}i) ts
m
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horisontal component is BY _ rsine=EY . But
r r

2 2 2

r=lsing= =Y o =BT o TRV
Tsin’0 mg(l——u—zj g(m —p?)
m
2 2 2

(b)r=lsin6=>r=Tu,ve=>r= HY - =>,-=_“_2‘_’___2_.

sin -

mg 1—-”—2 gvm —H
6 Solution
Dimension diagram Forces on A
Forces on B
4
9 o T
B >/
b A 4__‘
N
8 2 v 3m
Tz Y mg g
AB is a light inextensible string, therefore 7, =T,.

B is not moving, hence the resultant force on it is

zero. Therefore for the vertical component of the resultant we have

3mg =TL,=6mg.
cos0

LcosO=3mg=>T,=

The resultant force on A is 2mr? directad to the left. Its vertical

2mg

component is zero = 7,cos6=T,cos0+2mg=>T, =T, + 5" But
Cos
T2=T3=§ﬂ£=>7;=—5ﬂ§=>7;=10mg.
cos6 cos9

The resultant on A has the horisontal component 2mr®’, hence

T;sin®+T,sin8=2mrw’. But r=1Isin = &’ =—T%-Tl-%=>m=,’87g.
m
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7 Solution

Dimension diagram Forees on B Forces on C

ST/ 77 77777777777
l=2m,AC=2J§m R

The resultant force on B is 2mr®?® to the left. Its horizontal
component is 2mr®’, hence T;sin8+T,sin6 =2mrw’, where r=/sinf. Its

vertical component is zero, hence T,cos8=7,cos0+2mg, where

cos@ = ? So we have two equations:

T +T,=2mlo’, (1)
4mg

T -T,=—=: 2

1 2 \/3 ( )

2mg 2 2g
M+2) =2T=mle*+—F—==T =20"+=2 ;
1 ﬁ 1 ﬁ

2mg 2g

LE T =202 -5,
N NE)

The rod BC.is light, hence T, =T, . The resultant force on C is zero. So

1)-©2) =T =mlo’-

for its vertical component we have

NZ +7;C0$9:mg:>N2=g—(2w2_£g_J£:>

V3) 2
N,=2g-30. (3)

(b) If the ring rests on a ledge, then N, >0 and hence from (3) ®*< 2Tg
3

So if @* > % the ring lifts off the ledge.
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Exercise 7.6

1 Solution

Forces on the car P. Let R be the radius of the track: R=10m, 6 =12°,

The vertical components sum to zero = NcosO=mg.

N
.. i
--------_.Q:Z:‘:_Z- ( 1 )
I ‘ v’ mv?
The horizontal components sum to = Nsin®= -
vy™Mm& s

(2)
Dividing (2) by (1), we obtain

2
tan@ = — = v=(Rgtan9)V2 = v=144ms".

2 Solution
Forces on the car P. Let R be the radius of the track.
The vertical components sum to zero = NcosO@=mg .

N
? (1)
eIP . mv? . mv?
The horizontal components sum to = Nsinf= .
ymg R R
2

2

Dividing (2) by (1), we obtain  tan6 = }5—;
4

R=200,v=30,g =9,8=tan0=0,4592= 6 = 24,7°.

3 Solution

Forces onthe car P. Let R be the radius of a bend.

The vertical components sum to zero = NcosO=mg .(1)

2 2
The horizontal components sum to m}: = Nsinf= m}: .(2)
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2
, \
Dividing (2) by (1), we obtain tan8 = Ro = V= (R g-tan 6)1/2 ;
8

R=80, g=98,6=10°= v=118 ms™.

4 Solution
Forces on the aircraft P. Let R be the radius of a circle.

N The vertical components sum to zero = Ncos@=mg .

(1)

" The horizontal components sumto = Nsin8=

@ #
2

Dividing (2) by (1), we obtain  tan® = Rl.;
8

‘R=4000,v=100,g =9,8= tan0 = 0,2551= 6 =14,3°.

5 Solution
Forcesoncars P. . Let 6, and 8, be the angles of the inner and outer banking
N  respectively.

The vertical components sum to zero = NcosB=mg.

T

2 2
= Nsin6=ﬂ.
R

The horizontal components sum to
(2)
_ P
Dividing (2) by (1), we obtain tanf = E— ;
8
v=80kmh~'=222ms", R=200m, g=9,8 ms = tanB, =0,25= 6, =14°.
v=160 kmh™" =444 ms™', R=220m, g=9,8 ms” = tanB, = 0916= 6, = 42,4°.

Hence the difference between the angles of banking is 8, — 8, = 28,4°.
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6 Solution

Forces on the engine.  The normal reaction N is a reaction to the force the train
exerts at
right angles to the rail.

The vertical components sum to zero = Ncos@=mg. (1)

2

The horizontal components sum to , where R is the radius

mv?

of a circular bend, = Nsin6= )
v2
Dividing (2) by (1), we obtain tanB = }——;
g
v=40 kmh™' =1111 ms™, R=1000m, g =9,8 ms>=> tan6 = 0,0126.
Dimension diagram If 8 is small sin8=06=tan0B. Hence forasmall 8
outer rail h=1[l-tan8= h=15-0,0126=0,0189m = A=18,9mm .
I=1,5m
6 inner
rail
7 Solution
Dimension diagram Forces on engine
outer rail at v,=10ms™ atv,=20ms"’
= N,
I 1,51]1 “F 0 )
o inner ‘95\ A
rail
vymg

R =1000m is the radius of a circular bend.

In each case, the resultant force is directed horizontally to the centre of the circle with

2

magnitude , o the vertical components sum to zero, while the horizontal
v2

components sum to

N,cos@+ FsinB=mg, ¢))] N,cos8—-FsinB6=mg, (3)
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2 2

: mv,
N,sinG—FcosO:mg‘ (2) N251n6+Fcose=T'. 4)

v;cosO |
R b

(I)Xsin@—(2)Xcos6= F:m(gsi'ne—

v cosB

(4)xXcosB—(3)xXsin0= F:m( —gsinej.'

cos Vi+v

2
= tanf= 2= tan B = 0,0255.
2gR

Eliminating F, 2gsin@ = (V2 +v2)

But sin6=0=tan0, for 6 small. Hence A=1/-sin®=1,5-tan0= A=383mm.
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Diagnostic Test 7

1 Solution

Origin and positive direction: choose initial position as origin and initial direction of

motion as positive.

Equation of motion: ¥ = rwa
' v

Initial conditions: t =0, x=0, v=u.

Relation between x and v: vg—:—%ﬂ de=-3v’dv= x=—§v4+c, c
dx 3v 4

constant.

x=0,v=u=>c=—3-u4=> x=—(u4-—v4). (N

4 4
. dV _1 2 3
Relation between v and ¢: ng—’_: dt=-3vidv=>t=-v' + A, A constant.
2
t=0v=u= A=u'=t=(’~v’). )

. . . 3 ,.
When the particle comes to rest its velocity is zero. So v=0= from (1) x = zu" is

the required distance and from (2) t = i’ is the required time.

2 Solution

Choose initial direction of motion as positive.
Equation of motion: ¥ =~k v°, k >0 constant.

Initial conditions: t=0,x=0,v=V.

(a) Relation between x and v: vﬂ=—kv3=> dx:—d—v2=> x=L+c, c
dx kv kv
constant.

1 1 1 1
x=0,v=V=>c=——1—=> X=——-——= kx=———, )]
kV kv kV v V

1 _
(b) Relation between v and ¢ : ﬂ:—-kv’: dt:—d—v3=>t= =+ A, A
dt kv 2kv
constant.
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3 Solution

Choose initial position as origin, and initial direction as positive.
Equation of motion: m¥=-2m—-mv=X=-2-v.

Initial conditions: t=0, x=0,v=4.

Relation between x and v: vﬂ=—2—v=: dx=— 4 ‘dy =
dx v+2

dx=(—1+ )a’v::» xX=-v +-21nlv+2|+c, ¢ constant.

v+2

6
v+2

x=0,vy=4=>c=4-2In6= x=(4-v)-2In

The parti’cle comes torest >v=0=>x=4-2In3.

dv

v+2=>r=—1n|v+2l+A, A

Relation between v-and ¢: % =-2-yv= dt=—
) t

constant.

.Sov=0=r=In3.

t=0,v=4= A=In6=r=In
v+2

4 Solution

Choose initial position as origin, and initial direction of motion as positive.
Equation of motion: ¥ = -k v*2.

Initial conditions: t=0, x=0, v=u.

. d d 2
Relation between v and ¢ : j;—z——kv” = dt=—k—v:,2—=$t=;-7}5+c, c
constant.
2 1 2( 1 1
t=0,v=u= c=—;-72=> t:—(—ﬁ——";).Fromhere t— +o0,as v— 0", and
u k\v u

so the particle is never brought to rest.
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. av ~dv 22
Relation between x and v: v— =~k vV’ = dx=—pr= x=- +c, C
dx kv k

constant.

x=0,v=u=>c=3u"2= x=g(u"2—v"2).From here x—e(gu"z as v — 0.
k k k

5 Solution

! and T =27 !
9812 9,921

Let [ be the length of the pendulum. Hence T =2n are

the periods of the small oscillations of the pendulum at an old and new places

respectively. But %: 1, as the pendulum beats exact seconds (each half-oscillation

takes one second). Hence 2 =2x ! == 9’8,12 =17=0,994m.
9,812 T

(a) T <T hence at the new place the pendulum gains every second by L;——];

seconds. So per day it gains 24-3600(1 - ;) =24 -3600-[1 - w) =476s.

9,921
8 T?
(b) Let & be the new length = T =2n_|—— =§=9921. . ButT=2=
9,921 (277,)

5=2221, 5-1005m.
1
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6 Solution
8,20 pm, 13,6 m.L High water «x=32, t=375
123m_| The minimum depth <« x=19, =2
for the ship
10,4 m L Center of oscillation < x=0
2,05pm, 7,2mJQ  Low water «x=-32,1=0

Period T is-2-375=750 minutes.
Amplitude is -;—(1 36-72)=32m.

. . 2
Motion is simple harmonic = ¥ =-n’x, n= LI
T 375

This equation has solution x =3,2cos(n +a), 0< o < 2.

Initial conditions: t =0, x=-32=cosa=—1= 0 == x=-3,2cosnt.

(a) A minimum depth is 12,3m, if x=1,9=19=-32cosnt = nt= COS-'(_ ‘;,—9) =
t= -315-(n —cos™ %J =t =264 minutes=4,24 and
s

T —t=750-264 = 486 minutes = 8,06.

Hence the ship can leave the harbour between 2,05pm +4,24 = 6,29pm and
2,05pm+8,06=10,11pm.

(b) From (a) on Monday the ship can leave the harbour between

6,29 pm and 10,11 pm. As the period of oscillations is 7 = 750 minutes=12,30 the
ship can leave on Tuesday between 6,29 pm +12,30 = 6,59am and
10,11pm +12,30=10,41am. Acting in such a way we can write the following list:
Monday 6,29pm — 10,11pm,
Tuesday 6,59am — 10,41am,
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Tuesday 7,29pm — 1111pm,
Wednesday 7,59am — 1l,4lam.

Hence the answer is 7,59am .

7 Solution
2
Origin is point of release. ! is positive direction = F = mg 10
v2
Equation of motion: ¥ = g e
Initial conditions: t =0, x=0, v=0.
’ 2
Expression relating vand x : vé)- =g L= dx= Sv >dv =
dx 5 Sg-v

o= s s =+ {7__ ST

constant.

x= —%ln(Sg —v2)+c.

2
x=0,v=0= c=2InSg = x=-2Inf 1- 2 | = v =5g(1-e"*);
2 2 5g

g=10=>? =50(1—e'°'4’).

Let g(x):= 50(1 —e®*), then v=[g(x) and

dv ( )_—' 1 dg(x) ax

T dt dt ‘/ (x) dx dt’

dx dg(x P 4x
But-d—t—v- g(x)=>x—2 dg(x) ) =1(‘)e'°4 .

dx

8 Solution

Origin is point of release. | is positive direction = F = mg —mkv, k>0.

Equation of motion: X = g—kv.

Initial conditions: t=0, x=0, v=0.
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Terminal velocity V ,butas ¥ — 0, v— (%) .Hence V = P = k==

Expression relating vand x

dv
v—=g—kv,
dx b4
dx=—Y—dv,
g—kv
dx:———l— g—kv—g dV,
k\ g—kv

constant.
x= —1+—§,—1n
k kK g-kv

x=0,v_=0=>c='k£21ng;

v:K=>x=—l+—‘g—ln(

2. 2
x=-2—+ 2.
28 ¢

9 Solution

Axes and origin:
y A

Al/@# B:YV\ X

+ ¢, ¢ constant.

particle from A

g g

1%

Expression relating vand ¢ :

dv

=g—ky,
dt §
= dv ’
g—kv
dt:—l —kdv’
k g—kv
t=—=In(g-kv)+A, A

t=0,v=O=>A=—Ii—lng;

t=—1-1n g ,
k \g—kv

but k = ﬁ, hence
1%

1% 1
—_—, t=—In ,
l—kV/ZgJ g (1—-Vv)

v=—$t=Kln2.
2 g

AB=d =110,
T

=60, o=—,
“ 6
V=50, B="?

Initial conditions:
when r=0

particle from B
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x =0,y =0; x,=d, y,=0;
X, = ucosol, y, =usino.;
x, ==V cosB, y,=VsinB.
Hence after ¢ seconds, the two particles are at positions:
x,=d-VcosB-t,

X, =UCosSQL-t,
2

12 .
Y, =VsmB-t—%—.

y, =using -t —=-—,
: 2

When the particles collide their coordinates are equal. Hence x, =x, and y, = y,.

. . : u .
Y=Y, =>usma=VsmB=>sm[3=Vsma=>

6 y[# 3 4 3 3
sinB=—sin—=sinf===cosB=—.Hence tanf===P=tan™' =.
p=sin L ssinp=2=cosp= p=>=p=tan
x,=x, = (ucoso+VcosP)r=d= t= ‘/-:1;10 i t=§71-1—z=>
60- L2 +50.2 3+
2 5
11 343-4
t= . = t=3J§—4s.
3J3+4 343-4
10 Solution
Axes and origin: u=20;
B<a, g=10;
T="7

x Let t =0 be the time when the first particle is

\ 4

projected.

Initial conditions:

the second particle
t=T;
x,=0, y,=0;

the first particle
t=0;
=0, y=0;

X, =ucosQ, y, =usina; X, =ucosP, y,=usinf.

Hence after ¢t seconds, the two particles are at positions:

X, = ucoso.-t, x, =ucosB-(t-T),.

7SD Solutions Series




t2

: 8
=usSmoL———,
yl 2

g(t—T)'
2

y, =usinB-(t-T)-
When the particles collide x, = x, =24 and y, =y, = 12. Hence

24 =20coso.- 1, ' 24=20cosB-(t-T),

12 =20sino.-1 = 5t%,

12 =20sinB-(t~T)-5(t-T)’.

From here

1,2=cosa.-t, (1) L2=cosB-(r-T), (3)
24=4sino-t—-15,  (2) | 24=4sinp-(1-T)=-(t-T) .
@

44
@) =>t=—1—’2—=> from (2) 2,4=4-12tan0t — ———.
cos o ‘ cos” o

But
1 .

cos’a

1,44tan’ 0o —4,8tana+3,84 =0;

=1l+tan’o = 2,4=4,8tana—l,44(l+tan2a)=>

4+.2,4%-1,44.3,84
tana:z’ \/741441 ;tana=2 or tano = —.

Analogously,

’ 12 1,22
(3) =2t-T=—"-= from (4) 2,4=48tan——
cosf cos B

=

1,2tan’ B—4tanB+3,2=0;

4+ 16-4-12-
B= lo-4-1, 3’2; tanB=2 or tan[3=%.

tan
2-1,2
We have o> = tano > tanf = tana =2 and tanBz%.Fromhere cosa=7_—
5
3
and cosP=—.
P 5
1,2
From (1) t= =1=12+5.
coso
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From(3) 1-T=—2 = 7=12J5-23 5 7212525 725 2.
cos 3 «/5
11 Solution
Axes and origin: Initial conditions when ¢ =0
Yy
v x=0, y=0; x=vcosq, y=vsinQ.
Equation of motion: ¥ =0, y=-g.
o
f Hence after ¢ seconds we have
O >
X =vVCcoso, ¢)) x=vcosco-t, 3)
2
y=vsina- gt, 2) y=vsina-t—g—2—. 4)

When the particle reaches its highest point y =0 = from (2) the time of this event is

o
. Hence we have

vsinQ . . Vs
t= . But we observe the particle at a time less than —
8 8

the following picture:

From the picture we see tanf = RAEN
x

YA
P from (3) and (4)
- T \ 0 tan® = tan o, - —S—, (5)
___________ \cb /Xa x 2vcoso. _
0

Analogously, tan® = —X = from (1) and (2)
x

8! ) = from (5)
2vcoso

t
tan® = tano — g . Hence tan<D+tana=2(tana—

VCcosQ

tan® +tano=2tan®o.
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12 Solution
Axes, origin and dimension diagram Initial conditions when ¢ =0

x, =0, y=0; x,=0,y,=0;
% =Ucosa; x, =VcosP;
»=Usina; y, =Vsinp.

L x After t sec'onds the particles are at positions.

— x,=Ucosa-t,

y,=Usina-t—g7t2, and
x, =V cosf-1,

y2=VsinB-t—%.

Y2~ ¥ s tan @ = VsinB-Usina '
X, — X, V cosB—-U cosa

As seen from the picture tan0 =

13 Solution

2
to A where /=2m . Let T be the tension in the

(a) The resultant force is

string. Hence

2 2
szlv = 7=2212 34N,
2 V2 172
. 642
) T=6am™ ceam 1= o v o[22} Si6ms.
‘ I m 0,5
14 Solution
Forces on the particle
. u where T,=4v,T2=£,k>O.‘
@) P r

(aIf r= % is the time of one revolution, then the angular velocity

2
m=—t’5=> ©=20rads™.
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v=w-r and v=40=>r=—v—=>r=i9=2m
® 20
Ca k kK mv?
The resultant force on the particle is 7, -7, =4v—— to O, hence 4v~—=
r ror

k=4vr—-mv*;
v=40,r=2,m=01= k=4.40-2-0,1-40’ = k=160N .

2
my 4r k
= vV -—v+—=0;
m m

(b) From (a) 4v — L
;

k=30,r=1,m=0,l= v*~40v+300=0, v=20+/400-300; v=30 or

v=10ms™.
(¢ ) If the particle describes a circle its velocity v > 0. Find the values of v in

? 4
accordance with k. From (a) 4v—£—=—”i=> vz——rv+£=0;
r r m m

r=1,m=0]1= v*—=40v+10k=0= v=20%+/400-10k .
Hence the values of v are positive if and only if 400~10k 20 = k < 40. So we have

0<k<40.

15 Solution

Dimension diagram Forces on P

5 T
P AP=BP=§I N

AO=BO=2].

T ymg

The resultant force on P is horizontal towards O of magnitude
’

(a) The vertical component is zero = T,cos8—-T,cos6=mg. (N

2 2

. ) mv
= T,sin8+7T;sin6 =
-

(2)

The horizontal component is

But cosG:%: cose=-‘5’—'=> sin9=l;’-,and r=vAP?—AO? = r=%l. '
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5
Hence from (1) T2—7}=ng, 3
10 mv?
and from (2) T2+7]=-3- 4
5 5 mv? 5mvt 5
(3)+(4):>T2=—8—mg+§ ; ; (4)-(3):>7}=—-—l——~§mg

(b) The motion described in the problem is possible if 7, >0, as the strings are both

taut.

2
my

[

7}>0:>from(a)§ —gmg>0:> 8v’>9gl.

16 Solution

Dimension diagram - Forceson B Forces on C

N, a

L1777 777777777777

vig
AB=BC=l s AC=£.
2 2

N, is the force exerted by the rod AC on the ring C, and N, is the force exerted by

. the ledge.

(a) The resultant force on B is 2@* r towards O.
The vertical component is zero = T,cos8—T,cos8=2g. (1)

The horizontal component is 2w’r = T,sin8+ 7T, sin® =2w’r. @)

But =6, r=vAB’- A0’ = rzi,cosez%g—z cose-—-%—ia sinG:%.

Hence from (1) and.(2) we obtain:

4g
T,-T =—, 3
2 1 ﬁ ()
T,+7,=36. 4)
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(3) + (4) = T2=Z§-+18=$T2=%N+18;

NG

@)-(3) = T =18-28 20

— =T =18—-—N.
Jg 1

V3
(b) The resultant force on C is zero. For its vertical component we have
N, +Tcos@=1g= N, = g—(lS—ﬂ)ﬁ

3
N,=g+10-9/3= N,=20-9/3N.

2

17 Solution

Dimension diagram Forces on C

Here F is a friction force on C from the
surface. N is a reaction force. If the car

has no tendency to slip sideways, then F

must equal zero. Find the value of F .

2
The resultant force on C is

r

horizontally to the left. The vertical component is zero = Fsina+Ncosa=mg. (1)

2 2
The horizontal component is = —Fcosa+Nsina = 2)
r
v2
(Dxsinaa—(2)xcosot= F-(sin2a+cosza)=mgsinoz— cosoL =
r
v2
F=mcoso{gtanoz——);
r
2 4
v=60kmh™ =£Qms", r=100m= g-tan(x—L= lO-—i——lg—:O, and
r 18 36-100
hence F=0.
18 Solution
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Dimension diagram Forces on the wheels
; N If a sideways trust is eliminated,
h ! ' g then the only force on the wheels is
a o ) _
"""""" areaction force N at right angle to
h=01; I=15; r=600; .
ymeg the surface of the rails.

2
my

The resultant force on the wheels is horizontally to the right.

r

. m
The vertical component is zero = Ncosoo=mg= N = & (1)
: ' coso

2 2

. my
= Nsina =
r r m

J 1
vl =rgtano. But tana =" = tana=9—=—.Hence
. / L5 15

) rNSina
Vo= —

and from (1)

The horizontal component is

' 12
v=(600-g-%) = y=20ms™" if g=10 and v=19,8ms™" if g=9,81.
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Further Questions 7

1 Solution
Choose initial position as origin, and initial direction as positive.

Initial conditions: t =0, x=0, v=1.

v

Equation of motion: ¥ =—e”.

. av .
(a) Relation between v and ¢ : T =—e" = dt=-e"dv= t =—¢" +c¢, ¢ constant.
t

t=0,v=1= c=—¢"'= t=e"-¢"; v=-é-,t=tl=>t,=e'"2—e";

v=0,t=t+t, >+t =1-¢"= 1, =(l—e"')—(e'"2—e"')=> h=l-e"=

f, 1-e? 1= 2 t,

12
— = = = =
f e 2 _ o eﬁl/z(l _e-l/2) 1,

) vdv - - -
(b) Relation between vand x: —=—-¢"' = dx=—ve'dv> x=ve "' +e "' +¢, ¢

constant.

x=0, v=1=>c=—2e"'=>x=e"'(v+1)—2e"': v=0=x=1-2¢".

2 Solution

Choose initial direction as positive.
Initial conditions: t=0, x =1, v=0.
L3
x*’

Equation of motion: X = k>0.

vdv k k
x

57

2
. v k
(a) Relation between v and x: e =— = vdv=—dx= 5= ——+¢, ¢ constant.

x=Lv=0=>c=k= v2=2k(]—l);
X

x21=>1—l<1=>v2<2k=>v<J2k.
X
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d k 1 -
(b) Relation between v and 1 : A — , but from (1) —= LN
dar  x X k

. From here dt = —— ¢ constant.

il;1:(2k—v'z)2 dkdv o= dkdv_
dr 4k (2k - vz) (2k - vz)-

4k dv =2J'(2k—V2+V27)dV=2J' .dv 2+J' vidv Lo
(2k—v2)- 2k—v (2k—v2)

oodv oo vd(2k-V) dv AN A O
~J2k—v2+2j(_2)(2k—v2)2— 2J2k—v2_{(2k—vz) Jzk—vz}—

1%

J'dv+v_1J'dv(l+l)+,,, _
2—v: 2k-v' 242 J2k-v N2k+v) 2k-v?

1 1n-./2k+v+ v
22k N2k v 2k-vP)

Letattime t=¢,v=v, and x=2, and letattime r=1,, v=v, and x =4.

x =2 = from (1) v,=\/E;

x=4 = from (1) VZZT’%k'

We obtained that ¢ +c¢ = f(v), where ¢ is constant and

1 \/_+v Y
f)= ok "ok —y

Hence 1, —¢, =f(v2)—f(v,):>

2k + Ek
1 1 2
_ V SR E 5 LNy Y oy e L2 (N

t,—t,_ — n + .
? 2k 2 2 2k -k ER 2k —k
/ 2 -k
V2k 2
2+J— 1, 2+1 !
-1 = In ln +243-42}, but =2++/3 and
2 1 ( {2 5_ ‘\/— \/—_ } 2—“\/5 ‘\/—an

L -2
———=V2+1,
V2 -1
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hence 1, —1, =2—1k-{ln£—§§-+2\/§—ﬁ}.

3 Solution

Motion is simple harmonic = x=acos(nt+a), 0S < 2n, = % =—ansin(nt +a).

1=1,x=x,vV=v; =1, X=X, V=V,

= x, =acos(nf, +a); (1 = x, =acos(nt, +01) ; €)

= y, =—ansin(nf, +o); 2 = y, = —ansin(nt, +01). @
2 2

From (1) and (2) x] +v_,2 =a?, and from (3) and (4) x; +z22— =a’. Hence
n n

v? v? vi—y?
2
N+t =xl+L> nz(xzz—x,z)=v|'—vzz=$n= =—21.
2n x2-x?
But T=—=7=2n [2—L.

2 2(,2 _ 2) 2.2 2.2 2.2 22
2 2 W 2_ 2. (xZ X 25V 4V, _ X2 X5V,
a=x+—=a —x,-!-——————2 7 = A = =2a= "7

4 Solution
Dimension diagram
Choose the center of a circle as origin. If x

is the coordinate of P, then x = rcos8 . But

8=w? = x=rcoswt, and hence the

A AT

motion of N is simple harmonic.

5 Solution
(2) Upward motion. Choose a point of projection as origin and T as positive.

Initial conditions: =0, x=0,v=2c.
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Equation of motion: x =—g —?v .
Expression relating x and v. Expression relating v and ¢ .
dv g 2 . dv g 2
— =g~V ——=—8—ZV,
Y dx & c’ dt :
vdy dv
—gdx = 7 —gdt= N
1+-—7 1+—2’
c’ c
. v? y
-gx+A= ?In [1 +—2), A constant; —gt+A=c- tan™' =, A constant;
c c
CZ
x=0,v=20=>A=?1n5=> t=0,vs2c=> A=c-tan”'2 =
(2)

b’ (1) z‘-——i(tan"2—tan'l v).
8

28 c+v
When the particle reaches its highest point, its velocity is zero. So v=0= from (2)

2
x=—-1In

c-tan" 2 . -
= ———— s the time of ascent.

8
(b) Let h be the distance between the point of projection and the highest point. Then
2
—In5. Downward motion. Origin at highest point and | as

v=0= from(l) A=

positive direction.
Initial conditions: t =0, x =0, v=0.
8 2
—2V .

Equation of motion: ¥ = g—
' c

Terminal velocity: as ¥ — 0, v — (c) = v <c.

Expression relating x and v: v—= g——g-;—v2
c
A2 vZ
= gdx = 2=>gx+A——1n[1———2),Aconstant;x=0,v=0=>A=O=>
-2 ¢
e
2 2
c c”
x=—1In i 3
2 -V? ©)
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When the particle returns to its starting point, x = h. Hence from (3)

2 2 2 2 2c

c c c
h=—In .But h=—1In5= 5= = v=—.

2g ct-v? 2g ¢t -v? NS
6 Solution

Upward motion. Choose a point of projection as origin and T as positive.

Initial conditions: t=0, x=0,v=nV.

Equation of motion: ¥ =—g —kv>.

Expression relating x and v. Expression relating v and ¢ .
dv 2 ©dv 2
v—=—g—kv", —=—g-—kv*,
¢ a ¢
—dx = vdy 7 —dt = av 7
g+kv g+kv
1 2kvdv 1 dv
-dx=—": > —dt = ———,
2k g+kv 2
1+{ [—v
8
1 2 1 -1 k
—x+c=—1n(g+kv ),cconstant; —t+A= -tan —v], A
2k gk g
constant;

— _ — 1 2y/2
x—O,v-nV:c—zln(g+kn v?)

1 k
t=0,v=nV= A= -tan™ ’—nV
Jek ( 8 ]

2vs2
o=l ﬂﬁTV_ , (1)
2k g+kv

=t = ! tan"J—EnV—tan"\/Ev}. )
Jgk g g

Let h be the distance between the point of projection and the highest point and ¢, be

the time of ascent. When the particle reaches its highest point, its velocity is zero.

Then v=0= from (1) h=l1n(l+£n2V2),and from (2) 1, = L L
2k g ng g
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Downward motion. Choose the highest point as origin and { as positive.
Initial conditions: t =0, x=0, v=0.
Equation of motion: ¥= g—kv’.

Terminal velocity: as ¥ — 0, v’ — [f) . Hence V? = f =k= _1% Using this

? 14
equation, A =—In (1+n2) and t, =—tan™'n.
2g g
Expression relating x and v. Expression relating v and .
dv dv
v—=g—kV* ' —=g—kv?,
a5 i ¢
de= vdv” di = dv“
g—kv: g—kv’
__ 1 2k dv
2k g—kv?

2J_(J— e fm:v]f s

x+c'=ﬁln(g—k'v2),cconstant; t+A= \/1—— [JJ:+://—I::) A

constant,

x=0,v=0=>c=;—lilng, t=0,v=0= A=0,

,k
. { 1+ _[—v
[ 4 ) 1 g @

3) =t= nj| —=——1{.
g-kv? 2,/gk I—JZV
4

Let v, be the speed with which the particle returns to its starting point and ¢, be the

time taken by this particle to return from its highest point to its starting point. Then

x=h,v=v, = from(3)
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g 21,2 1 g
h=—1In = —In|l+—n"V° {=—1In Using k ===,
2k (g-kV.’) 2 ( g ) -k 2 AT
g 1
) 1 nZ 1+X!'
l+n° = =y, =V - |—5—;v=y,t=t = from@4) ¢, = In =
_—i 1 I‘l2+1 1 2 2 2-\/3—]( 1 ﬁ
2
Vv

:/n2+1—\/n2
|4 2 |14 -1 2 . .
1 =—1n(n+~ln +1).From here 1, +1, =—Jtan n+ln(n+\/n +1)} is the time
8

8
taken by the particle to return to its starting point.

/ 2 2
tz=1'ln[ Ll an.But 1 =w/n2+1+\fn—2,hence

7 Solution
Axes and origin
VA Initial conditions when t =0
Vo g,
el S x=0, y=0;
o R x=Vcosa, y=Vsina .
O >l N -
d c Equation of motion
t2
x=Vcosa-r (1), y=Vsina-t—gT.
(2)

,then y=h= from (2)

(@) x=d= from(l) t= d
V cos

2 2
g d _ g d 1
Vcosoz_—Z—.Vzcoszozz’> h=dtano--- .

h=Vsina- — =5
cosaa V

pro_gd 1 3)
2cos’a dtano—h

Let T be the time when the particles hits the ground. Then y =0= from (2)

_ 2Vsina

0=Vsina—g—T=> T
2 g

7SD Solutions Series




64

2V2cosasina

t=T= from(l) c+d=Vcosa.-T=c+d= . Hence using (3),
8
2cosasina  gd’ I uo . d’tana do e dh
C= - 3 - — T— :.—__.__.
g 2cos’o (dtanat—h) - dtano—h dtana—h
2v? d’
(b) From (a) ¢ =——cosasina—~d, h=dtana— g > 12 .
g 2V*° cos‘a
. Qf t ”
But coso-sina = cc:sa SI'M,l = anozt , and s—=1+tan" o.. Hence
~cos“a+sin“o l+tan® o cos" o
2 2
c+d=2V -I:Etmof ,h:dtana—zggz (1+tan2a).From here, obviously,
g an’ o ‘
tan o g ’
=—=(c+d), 4
I+tan’ o 2v-( ) “
h _ tanot gd? 5)
l+tan’a  l+tan’a 2V?°
o . h dg gd’ h dgc
Substituting (4) into (5), = c+d)- = =
‘ (4} Into (5} 1+tan’ o 2V2( ) 2V? " l+tan’a 2V?
2 2 2hV? .-
l+tan” o = 2dV ,.and hence tana = 4 —1. Substituting these expressions for
- gc . gc

, , h_ [2nv?
1+tan’ o and tano into (4), (c+d);—= 7 -1=
c ec

(c+a’)2h2 = dzcz{Zhv- —1} =
dgc

gld?c +(c+d)f ) =2dhvie.

8 Solution
Axes and origin Initial conditions when =0
VA v x,=0,y,=h; x,=d, y,=0;
a o x,=Vcosa; x, =2V cosP;
h‘ ¥, =Vsina; ¥, =2Vsinf;
| b :
O 4——T~JB -

Equation of motion
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x,=Vcosa-t, H x,=d+2VcosB-t, (3)

2 2
y,=h+Vsina-t-—%’-, @) y2=2v5inﬁ-z—£2’—.(4)

When the particles collide, their coordinates are equal. Hence

d
V(cosa—2cosp)’

x,=x,= from(1)and (3) Vcosa-t=d+2VcosB-1= t=

h
V(2sinp-sina)’

y=y,= from(2)and (4) h+Vsina-t=2VsinB.-r = t=

Equating the two expressions for the time of collision ¢,

d _ h
cosa—2cosf 2sinf-sina

h
.But —=tany =
4 Y

(2sin -sina)cosy =siny(coso. —2cosB) =

2(sinBcosy +cosPsiny) =sinacosy+cosasiny = 2sin{B+7y)=sin(c+7).

9 Solution
Axes and origin Initial conditions when ¢t =0
x=0, y=0;
x=Vcos(8-a);
y=Vsin(6-a).

Equations of motion:

65

X=-gsina, y=—gcosa,
x=Vcos(b-a)—gsina-t,. y=Vsin(6-a)-gcosa -,
x=Vcos(@—a)-t—E30% ;2. (1) y=Vsin(e—a)-t—§c—‘2’ﬂ-t’. @)
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(a) Let T be the time when the particle reaches the inclined plane and R be the range

gCOSd-T:O:

on this plane. Then y = 0= from(2) Vsin(0—a)—

e g coso

t=T = from (1) R=V cos(8-

AT sm(G OL
gcos’a

R= {cos (6—a)cosa—sin(6 —a)sin a}:>

2V sm(e a) -cos(0- a+a) R 2v? cosGsm(e a)
gcos’a gcos’ o

2

(b) From (2) R = cosOsin(6—-o). 3)

gcos’ o

“Let f(8)= cosesin(é —a). Hence f(8)=cos6(sinBcosa—cosOsinar) =

£(6)= sinZ%cosa i coszisina = £(6)=

sin20cosa ~ (1+cos20)sina -
2 2

.sin2écosa—coszesina sinQ sin(20—a)-sina
£(0)= . -2, ()= 2%

This function has the maximum value as 20— o = —;E And hence this value

. ) .
I-sina . Hence, from (3) the maximum range R = 2. 1-sina

fm:

gcos’ o 2

_ 2 q_ o 2
RM:L.____I s’_mza :;,Rm-:________v. _
g l-sin“a g(1+sma)

10 Solution

A Initial conditions when ¢t =0
y 14

x=0, y=h;

T TR R e T T e e T SR

x=Vcosa; y=Vsino.

Point O is the foot of the cliff, a is the angle of elevation.

Y =

o After ¢ seconds the particle is at position

!
% x=Vcoso-1t, (D
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2
y=h+Vsina-z—§2’—. 2)

When the particle hits the ground, y =0. Hence from (2) for the time, when y =0,

, 2V . 2 Vsina (vSinon2 h
t"——sina-t——=0, t= + +—,
g g g V g g

t= l(Vsinoz+,/V2 sin? o+ gh).

8

Substituting this value of ¢ into (1), we obtain the horizontal distance covered before

landing in the sea: x = Vcosa (V sino+ \RV sina)’ + gh).
4

Let the function f(ot}= cos a(sin o++sina+ a) , 3)

VZ
Where a=§—};. Then x =— f(at).
4

. . 2
It is easy to see that f(o)= sm22a + \[( sm22a) +acos’a .

sin20tcos 20— asin 2a

sin 200\ '
2\[( > )+acosza

If we want to find the maximum value of f (a) and hence the greatest horizontal

The derivative of this function is f’(ct)=cos20 +

0:

distance required, we must solve the equation f ’(a)

. 2
2cos20.- ‘/(Sm;a) +acos?a =sin20.cos20 — asin2c.

sin 20

2
Squaring, 4cos’ Za{( ) +acos’ a} =sin®2a(cos 20~ a)’;

sin® 20, cos? 200 + 4a cos? 20.cos’® o = sin? 20.cos? 20 — 2asin® 20.cos 20 + a® sin? 20t ;
4cos?20.cos’ o = asin? 20— 2sin? 20.cos 20, . But cos2a =2cos’ o.—1, hence

4cos’20.cos? o = asin? 20 - 2sin® 20(2cos’ a — 1),

4cos’ oc(cos2 20, +sin? 2a) =(a+2)sin’ 20, cos’ o = (2sin o.cos oz)2 ,

a+2

2 a+1
= cos o= .
a+2 a+2

sinZa =
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f 3) the maximum value of (o) is f, = atl 1 + 1 +a
Hence from (3) the m . T — ,

' +1
fom | (s ) ey A= 0= s
m a+

a+2 \Ja+2 a+2
2
f = 1 [Vi+gh.But x= v f(a). Hence the greatest horizontal distance
=7 P ; .

xX,= Y—1/V2 + gh.
8

11 Solution

Dimension diagram Forces on C

The resultant force is mw?*r
horizontally to the left. The vertical

component is zero, hence

Tcoso—T cosP = mg €))

The horizontal component is mm’r ,

hence Tsino+TsinP =mo’r 2)
2
From(1) T = mg , analogously from (2) T = «———nﬂr——— Equating these
cosa —cosf sin o + sin

expressions for T, g(sin o +sinp)=w’r(cosc.—cosB). But r =asinp, and dividing

1 1
the last equation by ab, we obtain g(s me - smB j 2 S0 B(cosa cosB).
' a b b a
. sin o smB
For only triangle = ,hence g| — cosa cosB) 3)
a

In the triangle ABC we have a® = b® +c* ~2bc-cosd, b* = a* +c* —2ac-cosp =

2, 2 2 2, 2 32
coso = b_-i_a , cosP= f:i___?___ Substituting cosa and cosf into (3),
2bc 2ac
(a+b) LB +cP-a> a+c* b
g—— =0 - - ’
ab 2bc 2ac

2gc(a+b)=a)2{a(b2 +c?—a’)-b(a’ +cz—b2)},
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2gc(a+b)= (oz{cz(a -b)+ (b3 - a3)+ (ab2 - baz)} ,
2gc(a+b)=0"c"(a~b)~(a-b)a* +ab+b)-(a-b)ab},

2gc(a+b)=w*(a- b){c2 —(a+ b)z}.

12 Solution
Dimension'ﬁiagram Forces on P Forces on P,
SN
—
P2
B I
mg mg v

The resultant force on P; is m®’r horizontally to the left, where r = Isinc . The

vertical component is zero and the horizontal one is m®’r . Hence we have
T,coso.—T,cosB=mg, (H
T;sina—T,sinB = mw’lsina. (2)

The resultant force on P, is m®’R horizontally to the left, where R=1(sin o +sin ).

The vertical component is zero and the horizontal one is m®>R . Hence we have

T,cosp=mg, 3)

T,sinB = mw’l(sino+sinB). 4)

(a) Substituting (3) into (1), T,cosa=2mg, 5)
and substituting (4) into (2),  T;sinat = mw*/(2sin o +sin ). (6)

2
Dividing (6) by (5), tana = l—oi—(sin o+ %sin B) .
4

2

(b) Dividing (4) by (3), tanf = -lio—(sinow sinB).
8
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