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Exercise 5.1

1 Solution

Using the pattern f—f%dx = 1n|f(x)|+c with f(x)=1+x?, we have
x
1,2xdx 1 | 1
X _dr=—[— ==lnl+x}|+c==—In(1+x*)+c,
J1+Jc2 21+x22|x|02(x)c

since 1+x2>0.

2 Solution
Using the pattern J{f(x)}"f’(x)dx = ———1_'—_-i-{f(x)}"+I +¢, n=-2 with f(x)=1+x?, we have
n

x 1 2x 1
X == - te.
I(1+x2)2 2‘[(1+x2)2 2+27)

3 Solution
The given integral follows the pattern [e’” f’(x)dx =™ +¢ with f(x)=sinx, and we have

je‘"“ cosxdx =e""* +c.

4 Solution
The given integral follows the pattern fsin{ f(x)}f'(x)dx =—cos{f(x)}+c with f(x)=e¢",

and we get

fe" sin(e*)dx = —cos(e*)+c.

5 Solution

The given integral follows the pattern f{ f (x)}" f/(x)dx = %1{ f (x)}’hLl +c with
n

f(x)=1+x2, n=1/2,and we have

[x (1+x2)dx=%f(l+x2)V22xdx =%(1+x2)3’2 *re.

6 Solution
) ) 1 X

The given integral follows the pattern =sin"'(=)+c¢ with a=2, and we get
g g P J ﬁdx =) »and we g

1 -l i
fﬁdx—sm (2)+c.
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7 Solution

1 ax . 1
——5 =—tan" —+c with a=—, and we get
a +x° a a 2

The given integral follows the pattern j

1 =—tan"'2x+c.
1.y 2

1+4x? _Z

J-dx ljdxl

8 Solution
The given integral follows the pattern J {f(x) }3f’(x)dx = Z {(f(X)} +c with f(x)=tanx,and
we get

jtan3xscczxdx =:11—{tan x}+ec.

9 'Solution

Using jsecz{f(x)}f'(x)dx =tan{f(x)}+c with f(x)= x?, we get

J'xsecz(le)dx =%‘|'sccz(x2 )2xdx = %tan(xz) +c.

10 Solution

Jx
Using jef“)f’(x)dx=e’(‘)+c with f(x)=+/x, we have Ierx=2IeJ;(J;)’dx=2eJ;+c.
x

11 Solution
n n+l _
Using the pattern I{f(x)} f/(x)dx = —{% +c¢ with f(x)=cosxand n=-4, we get
n

) B ,
sin xdx ) CcoSX sec” x
. =—J(COSX)_4(—Slnx)dx=¥+c= +

cos ' x 3

jsec3x tan xdx = j

12 Solution
Using J.%)ldx=ln|f(x)|+c with f(x)=sin’x+2, we get

sin2x 2sinxcosx
I dx—j —
2+sin”x

— dx:lnlsin2x+2|+c=1n(sin2x+2)+c,since sin®x+2>0.
2+sin”x
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13 Solution
Using the pattern J{f(x)}-lf’(x)dx = lnlf(x)l +c¢ with f(x)=sinx, we get

R P e ATe v T T
cot xdx = J(sm x)  cosxdx = [ln|sm x”,r = In(sin g) —In(sin Z)
: r
LA 4

4
1 1 V2 1 1
= -_—) - —_— )= —_—) = __=._._.1 R
ln(2) ln(ﬁ) In( 5 ) ln‘/E > n2

DR

14 Solution
Using the pattern Jcos{f(x)}f’(x)dx =sin{f(x)}+c with f(x)=Inx, we get

jcos(ln x)-l—dx =sin(ln x)|: =sin(Ine)—sin(In1) = sin(1) —sin(0) =sinl.
x
1

15 Solution

. 1 1 . .
Using the pattern J—~2—+—2dx ==tan™ = with a =2, we obtain
a’+x a a

2 2
.[ : zdx=ltan"£ =ltan"z——1—tan"O=ltan—'(1)=£-
T2 g T2 27 2 8

16 Solution
Using the pattern J-———l-——dx = lnlx +\/(x2 - a2)|+ ¢ with a=1, we obtain
Jx? - a?)

3

1 . 2 3 3+2‘\/§
———dx =] V=1 =In@++/8)-In(v2++1)=1 =1 2).
[Tt i g el D = = i)

17 Solution

. 1 _ 2 2 . _ .
Using the pattern J_x\/T—a—;dx =In{x++vx’+a’}+c with a=2, we obtain

T 2
{mdx=[ln(x+‘\)x2 +4)]0 = 1n(2+J§)—1n(2)=1n(1+ﬁ).
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18 Solution

a X
Using the pattern J\/____ =sin” — w1th a=1/2, we obtain

1

L ge=Lsin'2x)”
1 2

—x 0

1 . 4 T
= —SIin 1:——
551 M

[ 8}

1 1
p 12
J—ir = |
0 0

19 Solution

Using the pattern [ {£(x)) f*(x)dx=~{f(x)}" +¢ with f(x)=cos2x, we get

n z T
6 [ —
Itan2xscc2xd.x J'sm2x (cost) l _l[ 1 ]6 =l 11 =_l_.
A 5 €OS 22x cos® 2x 2{cos2x ], 2 cos(E) cosO| 2
3
20 Solution
Using j{ FY f/(x)dx =n|f (x)] + ¢ with f(x)=1+e”, we have
In3 e, ' - aln3
| _dx=[In(1+¢")] =In(1+€")~In(l+¢°) =n4-In2=In2,
I+e .0

since 1+¢*>0.
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Exercise 5.2

1 Solution

Itis clear that x% +2x+2= (x+ 1)2 +1. Make the substitution x +1= u, dx = du . Then we get

=

1 du -1 ~1
dx = dx = =tan u+c=tan (x+1D+c.
+2x+2 J.(x+1)2+1 J.u2+l ( J*e

2 Solution

It is clear that 2x — x2 =1 (x —1). Make the substitution x —1=u, dx = du . Then we get

1 _ 1 a du . o
Iﬁx_xzdx_I\/l_(x_l)zix‘Im—Sln u+c=sin" (x-1)+c.

3 Solution

It is easily seen that

x—1 dc« 1, 2x d« 1., -1 .
dx = - =— dx — =—In(x“+1)-tan" x+c, since
x2+1 J.x2+1 J 2 x2+1 J.x2+1 2
(x2+1) =2x.
4 Solution

It is easily seen that

2
x(2x+l) (ert-feed-l) 2Ax+ ) -Har Dl oy gy Lo g L
x+1 x+1 x+1 x+1 x+1

Then we have
J’x(b:l)dx [~ e yde = [ 2xdx - jdx+j—dx x2=x+mnjx+]+c.
X
5 Solution

x+1 _a b

Let =—+
(2x+1)x x 2x+

, a,b constants.

Then x+1=a(2x+1)+bx.

Put x=0: a=1.
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Put x=1: b=-1.

Then we have

x+1 Y6 W U VRS W SN SRR S AU I
| ey i P P b T s LR

X

A2x+1

=

6 Solution

)c2 _1_ 3x+2
(x+1)(x+2) (x+1)(x+2)

By division

3x+2 __a b
(x+D(x+2) x+1 x+2

Then we get 3x+2=a(x+2)+b(x+1).
Put x=-~1: a=-1.
Put x=-2: b=4.

Hence

2
e i [ Fo e | e e
(x+1)(x+2) (x+1D(x+2) x+1 +2

4ln|x+2|+c=x+1n( L )+c.

x+1 (x+2)4

7 Solution

It is easily seen that
2xt3=2x42+1= (x> +2x +5) +1.
Hence

1

2x+3  , (x*+2x+5) 1
2T = [T et -
/ J J (x+1)% +22

; > ——Z——dx=1n|x2+2x+5|+j
x“+2x+5 x“+2x+5 x“+2x+5
=1n(x2+2x+5)+%tan‘1("7”)+c,

since x? +2x+5>0, xeR.
8 Solution

6x—10 =v a'+ b
(x+1)(x+3) x+1 x-=3°
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Then ,we have 6x—-10=a(x-3)+b(x+1).
Put x=-1l:a=4.
Put x=3:b=2.

6x—10 1
_ox ) k= =4 ax+2{—dx
Hence’[(x+l)(x—3) J(x+1 x— 3) x+1 x-3

= alnfr+1+2Injx -3+ c = In((x + D*(x -3} +¢

9 Solution
Make the substitution x—1=u,dx=du.

4 1 1 1
Then [————dx=4 dx=4[————dx=4 dx
o Jx2—2x—1 J(x2—2x+1)—2 J(x—1)2-2 qu—z

= 23_2_ J(u_lﬁ _ u:ﬁ)du=J§(Jﬁdu—jﬁdu)=\/5(1n'u-~/§]—ln|u+«[2_])+c

=J_2_1nu_J—2_ +C=-\/Elnx_1_ﬁ +
ut++2 x—1+4/2

10 Solution

4x-x? _a +bx+c

Let > = -
(x+D(x“+4) x+1 x“+4

Then 4x - x% = a(x® +4)+(bx +c)(x +1).
Put x=-1: -5=5a=a=-1.
Equate coefficients of x2:~1=a+b=>b=0.

Equate coefficients of x': 4=b+c=>c=4.

Hence
— 2 —
I—“x——’;—dx=j(—l—+ ) L e [ —dr = I+ 1|+ 2tan”' E) 4 c.
(x+D(x“+4) x+1 x2+4 x+1 x°+4 2
11 Solution
Let 10 _ a +bx+c

(x=1(x*+9) x-1 x249

Then 10 = a(x? +9)+ (bx + ¢)(x—1).
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Equate coefficients of x%: O=a+b.

Equate coefficients of x'i 0=c-b.
Equate constant terms: 10=9a-c¢.
Thus we get a=1, b=-1, c=-1.

Hence

_ x+l 1 ., 1, 2x 1

J(x 1)(x +9) _J( x%+9 +9 x2+9
x—1

1 -1 X
~—tan "—+c,
3

=ln[x—1|—51n|x +9|—%tan_1§+c=1n >
. x“+9

since x2+9>0, x€ER.

12 Solution

3 "ax+b cx+d
= +

Let = .
(x> +D(x2+4) x*+1 x*+4

Then 3= (ax +b)(x +4) + (cx +d)(x* +1).
Equate coefficients of x>: O=a+c.
Equate coefficients of x2: 0=b+d.

Equate coefficients of x': 0=4a+c.

Equate constant terms: 3=4b+d .

Thus we obtain a=¢c=0, b=1, d=~-

- Hence

dx = tan™! x—ltan'1 d
2 2

3 1 1
Jz 2 d":J(zl_z)d":zd"J
(x“+1D(x"+4) x“+1 x“+4 x“+1 xt+4
13 Solution
Using the substitution x —1=u,dx=du, x=-1=2u=-2, x=3=u=2 we get
3 1 3 1

2
di= [ ———dx=
SxP-2x+5 0 L (x-1)2+4 Jz

du:ltan-li
2

=%(tanl—tan(—l))

ut+4 -
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14 Solution

Using the substitution x+1=u,dx=du,x=0=>u=1,x=—1=>u=0,weget

1 0 1

0 1 0 1 1
= dx = dx = d
_jl V3—2x—x? _jl Ja—(1+2x+x%) _jl Ja-(x+1)? {)\/4_,,2 !

1
. -1U | . =1 T
= — 1| =sin” (1/2)-sin” (0)=—.
[sm 2]0 1/72) (0) o

15 Solution

+1 X 2 1 X 2
J'x j = dx+£ x2 =—[ln(x +4)]O [tan E]

0

1 1 -1 -1 1 1(m 1 T
- —In4)+— -t MN==In2+—|Z-0l==mn2+Z.
(In8-1In4)+—(tan™ (1) - tan™ (0)) n2 2

16 Solution

N2
By division - X=X 0y 134
2—x 2—-x

1 1
Then judx (j)(2x+3)dx+(j) idx=[x2+3x)];—[ln|2—x”:)=4—(1n»1—1n2)

=4+In2.

17 Solution

Make the substitution x—1=u, dr=du,x=1=2u=0,x=2=u=1l, x=u+1.

Hence

2x-3 2 9.3 2u-1, '
—=C - dx= d 1 1
{x2—2x+2 J1‘(x 1)? +l I I - {) 2 [n(u +)]O [tan u]O

In2—-1In1-(tan"'1-tan™" 0)=1n2—-z.

18 Solution

2

By division X ¥3 _,, 2
o (x+1D)(x+3) (x+1D(x+3)
2 __a b

t = + ,a, b constants,
(x+D(x+3) (x+1) (x+3) e
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Then 2=a(x+3)+b(x+1).
Put x=-1 2=2a=a=1.

Put x=-3 2=—-2b=b=-1.

Thus we get

3 2 3 1 3 3
S e fuee ] 2 de= x| e g
o (x+D(x+3) o (x+1(x+3) 0. o x+1  §x+3

+[1n|x+1|]35[1n|x+3|]3 ~3+In4-In1—-(In6-In3)=3+In2.

19 Solution

1+4x a bx+c
= + ;a, b, ¢ constants.

et — = 2
(x2+D)@-x) 4-x x°+1

Then 14+4x = a(x? +1)+(bx+c)(4—x).
Equate coefficients of x2: O=a-b.

Equate coefficients of x': 4=4b-c.

0

Equate constant terms x @ l1=a+4c.

Thus' weget a=1,b=1,c=0.
Hence

2 2

o (d-x)x*+1) g 4-x

2
dx+ —;;—Idx infa -]+ [1n(x +1)] =-(In2-1In4)

+—1—(1n5—1n1)=ln2+lln5=lln20.
-2 : 2 2

- 20 Solution

8 ax+b cx+d
= +

Let = .
(2 +1)(x2+9) x2+1 x*+9

Then 8= (ax+b)(x2 +9)+(cx+d)(x* +1).
Equate coefficients of x>: O=a+c.
Equate coefficients of x*: 0=b+d.

Equate coefficients of x': 0=9a+c.

Equate constant terms: 8=9b+d .
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Thus weget a=0,c=0,b=1,d=-1.

‘/3 ‘/3 ‘/3 1 _ .\/3 1 _ .\/3
Hence j 8 3 dx=j —Z-I——dx-j 2—-dx=[tan 1Jc]o —E[tan l(%)]
o (2+D(x%+9) 0 X2+l 0 X249 )
_n_m_sm
3 18 18
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Exercise 5.3

1 Solution

Let u= \/—x— Then x = u2, dx = 2udu, and we get

j———ﬁjr; dx =j———u\/l—1:;E 2udu =2_[ \/1_]-7

du=2sin"u+ec =25in_1(\/;)+c.

2 Solution
Letu:xz.Thenxzw/;,dx= ! du.
24u
Hence
x N 1. 1 1 |
——dx =|—5——=du=— u=— du:——— -
i et (e e L b
2_
=—]n|u—1|—-iln|u+1|+c—llnu 1+c=llnx 1+c
4 u+1 x2+l_

3 Solution.
Let u® = x+1. Then x:uz—l,«/x+l =u,dx=2udu.

Hence

[ xx +1dx =I(uz——_1)u2udu=2_[(u4—u2)du=%u5 —§u3 +c=%(x+1)5/2-—§(x+1)3/2+c.

- 4 Solution

Let u> =x—1. Then x=u2+1,«/x—1 =u, dx =2udu.

Hence _[xzx/x— ldx = I(uz +1)2u2udu = 2_|’(u6 +2ut + uz)du =%u7 +%u5 +§u3 +c

=—(x—1)7/2+%(x—l)5/2+§(x—1)3/2 +c.

5 Solution

Let u=¢e*,u>0.Then x=lnu,dx=ldu.
u

dx = | —du—j(——

u+lu

l .
Hence j 1du=lnu—]n(u+l)+c

u+l

)w:j%du-j“

e’ +1
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=x-In(e* +1)+c.

6 Solution

Let u=¢*,u>0.Then x=Inu, dx = —du

u
Hence
e +e** u+u? 1 1+u a1 2
dx= —du= du= du+ du=tan +—=In(u“+D+¢
j 1+e* J‘1+u2 u j1+u y j1+u2 . j 2 . 2 (u )

=tan (e )+21n(e +1)+c.

7 Solution
Let u=\/;,x20.Then x=u2,dx=2udu.

Hence

L

=2u—2tan—1(u)+c=2\/—;—2tan'l(\/;)+c.

dx = j 2udu _2_[

2
—du=2f X g o1
1+x 1+u 1+ u? 1+u

8 Solution

Let x =sin%0. Since 0<x<1, we get OSG<-12£, and dx=28in9cosed6,9=sin'l(s/;).

2
0
j dx_j :mTezsm 6cos6d0 = 2j -

sm 0cos0do = 2_[ sin20d0

=2J-1—cosZO

de=jldB—jcosZGdB=9—-;—sin29+c=6—sin9cose+c

=sin"!(Wx)—[x(1-x) +c.

9 Solution

Let x =4sinB . Since -4 < x <4,(x #0), we get —

A

<0 S% (0#£0), and

dx =4co0s0db, 0= sin_l(%).
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Hence

1 I -\/— 1 1 1 T
[ X dx = U du—— =—|tan" u =—(tan"1—tan'l 0)=—
'+l g+l 2Vu I +1 [ ]0 2 8

14 Solution
Let u=+/x,4<x<9=2<u<3.Then x = u?, dx = 2udu.

Hence

3 3 3
de 2udu= 2j—du j(-l———l—)du;[—l—du-jidu
(x=Dvx 2(u —-1) —1) o u—1 u+l 2u—l 2u+1

=[1n|u-1|]2-[1n|u+1|]’; =1n2—1n1-(1n4—1n3)=1n%.

15 Solution
Let il2=6-x,u=6-x,2<x<6=>0<u<2.Then x=6=u?, dx =—2udu.

Hence ij6 xdx = j (6 — u®Yu(~2u)du = 2j (u* ~6u®)du = 2j u“du-12j u’du
-

16 Solution
1
cos2 @

Letauc—tane\/§<J|c<1=:~6<9<4 dx = do . Hence

/4 1 1

} —I——dx—j d8= I 4 cos0 !0—-—[ 1 ]"/4
TNE) x2w/1+x2 /6 tan26J1+tan29 cos?9 a6 SN 29 sin@ J ¢

=—1+ =—2+2=2-42.

sinz/4 smn'/6

17 Solution

Letx=tan26,0<x<1=>0<6<£,dx=2tal;ede.Hence
4 cos“0
1 /4
de= | 209, tan 29 de_zjtan ede_zj—-———1 oS0 1o
1+x 0 1+ tan? e cos“ 6 cos?
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\/ \/l6~~165in2 cos% 6 1-sin%0
Hence 0s6d0 = do = | ————4b
‘[ '[ 16sin%0 '[sm LY ‘[ sin%@
— x2
B _jde_-cote o+c= X8 Go-lerayte
sinZ @ x/4 -

10 Solution

| .
Let x =co0s26. Since —1<x <1, we get —%S9<%,9=ECOS Ix,dx=—25m26d6,

2c0s%0 =1+cos 20, 25in?0 =1—cos20 . Then we obtain

I 1+x J' 1+C0526 _2 n26)d6__4j

sm 0cos8d0=—4 j cos® 040
1—cos2 sin©

=—2‘[(1+cos26)c}6=-—IZd6-—2jcos26d6 =-20-sin20+c=—cos ' x=V1-x% +c.

11 Solution

Lett=tani,——n<x<7r,x=2tan_lt,dx= —M,weobtain
2 . 1+¢ I+tan“(x/2)
1+tan2Z 2
1+¢ 2 1
ICOSGCde I =I———2dx" 3 =I-—dt=ln|t|+c=lntan(f-)+c.
sinx . 2tan > 2t 1+t t 2
2
| 12 Solution
. _ a2
Let t=tan£,—7r<x<7r, x=2tan‘1t, dx = . —lta—nz(x@,weobtain
2 1+1¢ 1+tan®(x/2)
1+tan2£ 2
fsecxdy= f——ds= [—2dc = [LHL dt—]n]+t
cosx 1—tan2 > 1-12 14+ 1-t
=1nli_M+c=lntan(i+£)+c.
1—-tan(x/2) 2 4
13 Solution
1
Letu=x2,and0<x<1=>0<u<1.Thenx=\/;,dx= du.
2Ju
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/4

_2J'——ede 2J'1de Z[tane]nm []"/4—2(tan1t/4—tan0)—1t/2=2—-1t/2.
o €Os

18 Solution

Let x=4sin26,0<x<2=>O<9<§,dx=85inecosed9. Hence

2 x 4sm ) /4 w/4
| dx = j —————8sinBcos6dO =8 j sin® 040 =4 j (1—cos26)d6
oVd4—x 4—4sin”0
w/4 n/4
=n-4 [cos20d0 = —2[sin26] " =m-2.
0

19 Solution

Let t=tan,0<x<Z,0<t <—= 1 ,x=2tan_lt,dx= 2tan(2x/2) ’
-2 37 V3 1+t 1+ tan®(x/2)
we obtain _
ni3 a3 13 U3 2
1 1 1 2
[ =] ar= | pdi= |
o 1-sinx 5 __2tan(x/2) 0 1-_2t 1+t o 1+17=2t 14172
T+ tan?(x/2) 1+12
_21/]‘/3 i B *[ijlllﬂ/_ 2 L, 2-\/— J_+1
o (-1 Ll-tly 1-143 7 4B- 1 [_

- 20 Solution
' 1-tan2(x/2)

Let t=tan-)2£, O<x<%=>0<t<l, x=2tan_]t, dx =

1+2 1+tan®(x/2)
we obtain
72 1 rl2 1 1 1
| 3750 %=1 1—tan2(x/2 ar=] 1 21 _ZI3 312 7
0 0 345 —tanz(x ) 03+5 —t +t g3+t +5- 5[
1+tan“(x/2) 1412
1 1 1 1
1

=2 di = =—j' dt:l —l—dt+-1— —i—dt

08-2t 04— 2—1t 24t 4,2-t 4,2+t

1 P 1 1 1 1 1
= —Z[]nIZ—t”o+Z[]n|2+t”0 = -z(]nl—]n 2)+Z(]n3—]n2)= JIn3.
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Exercise 5.4

1 Solution

. Using the substitution « = sin x, cos xdx = du, we obtain
3 5
jsinz x cos® xdx =[sin? x(1-sin? x)cos xdx = [u*(1- u?)du= [utdu—[u'du= u? —ES- +c

sin’x sin’x

3 5

2 Solution

Using the substitution u = cos x, sin xdx = —du, we obtain
jcosz xsin’ xdx = cos? x(sin? x)? sin xdx = jcosz x(1—cos? x)? sin xdx
=] cos? x sin xdx — 2f cos® x sin xdx +f cos® xsin xdx = ~f w’du +2f utdu-— ju6du

w2 5 u 1 2 5 1
=——+Z2u’ ——+4c=——cos’ x+=cos’ x——cos’ x+c.
35 7 7

3 Solution
Using the substitution u = sin x, cos xdx = du , we obtain
J-cos3x _J-l sm2x _J-

sm2x sm X sm X

cosxdx—-jcosxdx =j—12—du—sinx+c
u

=————sinx+c=—cosecx—sinx+c.
sinx

4 Solution

Using the substitution u = cos x, sin xdx = —du, we obtain

. 3 2
1- sin ]
Ismsx dx—j cos X —j sin xdx — j 31nxdx=—jl5du+j—13du
cos’ x cos x cos® x cos’ x u u
1 1 1 1 1 4 1 2
=———F+c= = s—+c=—sec” x——sec’ x+c.
44° 2u 4cos" x 2cos“x 4

5 Solution

Using the substitution « = sin x, cos xdx = du , we have
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[/sinx cos’ xdx =[sinx(1- sin? x)cos xdx = [¥/sin x cos xdx — [/sin x sin? x cos xdx

) 33/
= _|’u":"du—jull:"uz‘du=§:u4/3—ium/3 +c =%3\/sm4x —Evs sinf®x +¢.

10

6 Solution

. ' 1
[cos 6xcos 2xdx = %j (cos4x +cos8x)dx = %jcos 4xdx +EJCOS 8xdx

=lsin4x+isin8x+c.
8 16

7 Solution ,

: 1
[ sin 6xsin 2xdx = %j(cos4x —cos8x)dx = %J'cos 4xdx —EJCOS 8xdx

=lsin4x—-l-sin8x+c. ‘
8 16

8 Solution
[sin3x cos xdx = -;—J'(sin 2x +sindx)dx = %j sin 2xdx +%J' sin4xdx

cos2x cosdx. '
- +c
4 8

.9 Solution

' [cos3xsin xdx = %j(—sin 2x +sindx)dx = —%J'sin 2xdx +%J'sin 4xdx

= lcost——l-cos4x+c.
4 8

10 Solution

Jcos4xcos2xdx = %j(cos 2x+cosbx)dx = %Jcos 2xdx +%Jcos 6xdx

1
= —sin 2x+—1—sin6x+c.
4 - 12
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jsin 4x cos3xdx = -;—j(sin x+sin7x)dx = %jsin xdx +—5J'sm Txdx

1 1
=-~—COSX——cos7x+c.
2 14

12 Solution

. . 1. .
[cos5xsin2xdx = %j(—sm 3x +sin7x)dx = —--;—jsm 3xdx +§jsm 7 xdx

=lcos3x——1—cos7x+c .
6 14

13 Solution

nl4 nl4 nl4
j(tan3x+tan x)dx = |tan x(tan®x +1)dx = | tanx >
0 0 0 cos™ x

dx= %[tzm2 x];[/4 = % .

14 Solution

/3 /3 /3 3 /3
j(sin3x—sinx)dx=jsinx(sinzx—l)dx=— | coszxsinxdx=[cos x} _ 1.1 7
0 0 0

15 Solution
/2 /2

w2 w2
j\/cosxsin3xdx= jw/cosx(l—coszx)sinxdx=j ~Jcos x sin xdx — jw/cosxcoszxsinxdx
0 0 0 0

]7:/2 2[ 72 ]:/2=% 3=_28_1

=-[2/3cos3/2xo +—|cos"“x

16 Solution

nl/4 nl/4 1 nl4 1 /4
[sin4xsin2xdx == [(sin2x+sin6x)dx == [ sin2xdx+= [sin6xdx
0 2 0 2 0 2 0

1 4 1 4 1 1 4 1
=-——|cos2x| ——|cosbx| =—4-—=—=—.

4[ I 12[ X 4 12 12 3
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Exercise 5.5

1 Solution

d .. . . .
We note that Ee" = ¢* . Hence, using integration by parts, with x as the second function,

.removes x from the integrand, leaving e*. Thus

jxexdx=xex —jexdx=xex —F+c=e"(x-D+c.

2 Solution

1 .. . . i .
Since (Inx)’ =—, using integration by parts, with Inx as the second function, removes In x
x

from the integrand, leaving powers of x. Hence

. . 1
sz lnxdx=lx3lnx—jlx3ldx=-1-x3lnx——_[x2dx=lx3lnx—-l—x3+c
3 "3 x 3 3 3 9

3

x
=—(3Inx-D+e.

9( . )

3 Solution

jxsin xdx = —xcosx+jcosxdx =-—xcosx+Ssinx+c.

. 4 Solution

Repeated application of integration by parts can be used to reduce the powers of x.

Hence

_[xz cos xdx = x*sin x —_[sin x2xdx = x%sinx —2(—xcosx + jcosxdx)
= x?sinx+2xcosx—2sinx+c.

5 Solution

1+ 2
CcOS xdx

2
jxcosz xdx =[x =%jxdx+-;-jx0052xdx =a—+%(%xsin2x—%jsin2xdx)

78D Solutions Series




x2 1
="—+—xsin2x+—cos2x+c.
4 4 8

6 Solution

J’tan']chJ|:=xtan'"1x—j1 X 2dx=xtan"x--%ln(x2+l)+c=xtan"]x—-lm/x2+l+c.
+x
7 Solution
2 2 2
- 1 +1-1
Ixtan ydx==—tan"lx - x 2 2dx=x—tan ]x——j-{——z-—dx
2 1+x 27 1+x
2 2
=x—tan'lx-ljldx+-l—j lzdx=x—tan']x—5-+—l-tan'1x+c.
2 2 271+ x 2 2

8 Solution

je’ cos xdx = e* cosx+j'e“r sin xdx = e* cos x +¢* sinx—fe“ cosxdx .

. 1 .
2] e* cos xdx = e*(cos x +sin x) . Hence je’ cos xdx = Eex(cosx +sinx)+c.

9 Solutlon

d( 1 sin x . . . .
We note that —( ): . Hence, integration by parts, with x as the second functions,

cosx) cos’x

removes x from the integrand. Hence

xsinx x 1 x
=j' 3 dx = —j' dx = ~Injsecx+tanx|+c,

jxsecxtanxdx
cos“x cosx " cosx cosx

since (Infsecx +tan x])’ = )
cosx

10 Solution

dx.

2 . 2 .2
1 cos“ x+sin“ x 1 sin“ x

j 3 dx=j 3 dx=j dx+j 3
cos” x cos” x cosx cos” x
1

Ccosx

Furthermore j dx = lnlsecx +tan x| +c, and we have
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. 2 .
sin” x ) sinx | 1 1 1 sinx 1 1
j 3 d.x=jsmx 3 dx =-=sinx Y 3 cosxdx:——z———j dx
cos” x cos’ x 2 cos“x 27 cos‘x 2cos“x 27 cosx
sinx 1 . ) d 1 2sinx _.
= - ——1n]secx+tan x|+c, since — -— |==—=—. Finally,
2cos” x cos“ x cos™ x
1 sinx 1 1
j —dx= —1n|secx+tanx| - +¢=—In|secx +tan x|+ —secxtan x +c.
cos” x 2 2cos“ x 2 2

11 Solutioh

1 . 1
2e g AT oxP Vg ax, 1 2 Ir2 12 1
{xexdx_E[xex]o_zgéxdx_zé 4[ex]o_4e 7

12 Solution

X

j(lnx)zdx [xln x] jx(ln x)dx =e— 2jx1nx dx =e— 2jlnxd.x—

=e—2([x1nx—x]f)=e—2(e—(e-—1))=e—2.

13 Solution

/2
jxcosxd.x [xsmx]” - jsmxd.x —+[cosx]g/ =-——1

14 Solution

w2 72

nl2
: _[xsin x cos xdx =1 _[xsin 2xdx = —-1-{[x cos 2x]:)r/2 - _[cos 2xdx}
0 2 0 4 0

=_%{_5__[ 2]’"2} z

15 Solution

: neoy AR E))
Let n > 2. Using the pattern jf (x)f'(x)dx = —1———+ c,we get
n+

I, = j tan” xdx =j tan'f'2 xtan? xdx =j tan” 2 x(coslz - l)dx

n—l
_ x
= [tan" 2y dx — jtan" 2y = B
cos® x n-

~1I,_,,where
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10=Idx=x+c,

I = [ tan xdx = —In|cos x| +¢ .

16 Solution

Let n21. Integration by parts, with (Inx)" as the second function, reduces the power of Inx.

41

I, =[x(nx)"dx = x—z(ln )" -1 [x*n(nx)"' —dx = x—z(ln X" =2 [ x(nx)"dx
" 2 2 x 2 2

2 2
X n x
=?(IIIX)"_E n_,,where IO=Ide=7+C.

17 Solution
Let n 2 2. Integration by parts, with sin” ! x as the second function, reduces the power of sinx .

I, = [sin" xdx = —cosxsin" 1 x+ [cosx(n— 1)sin"2 x cos xdx

=—cosxsin" ' x+(n— l)j sin"2 xdx — (n— l)j sin” xdx .

Hence
I, = —lcosxsin"'1 x+ (n—1) I, 5,
n
where Io=fdx=x+c, I,=Isinxdx=—cosx+c.
Let for n20
®l2
I,= [sin” xdx.
0
12 p—- -
Then for n2>2 we get I, - cosxsin"! x]: +n__11n_2=n_l 2
, n n n
w2 T ®l2 /2
where Iy = Idx=3, L= [sinxdx=—{cosx]" =1.
0 0
1 n 2 2
Thus I,=—Iy=—, L=—-L==,
255057y 3=3173
3 3 4 8
1,==1 =-—7, Ie=—1 =—,
‘7477716 757715
5 15 5 T
Ig==Iy=—n=—m.Hence I5-I¢ =—.
764 96 32 > 12
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18 Solution
Let n>2. Integration by parts yields

1 1 .
I, =|sec" dx= dx = tan x —————(n—2)| tanx sin xdx
I '[cos x cos" % x ( I cos" ! x
1 2
=tanx— = (- o) LS8 Xy,
cos” cos” x

= tan xsec” % x — (n—2)[sec” xdx +(n— 2)| sec™ 2 xdx
= tanxsec” 2 x—(n-2)I, +(n—2)I,_,.

tanxsec” ?x n-—2

Hence I, = — +n_11,,_2, )
1
where 10=de=x+c, Ilzj dx=1n|secx+tanx+c.
. cosx
Let for n20
n/4
= [sec” xdx.
, 4 . 4 =2 n=2
Then I, = ! [tan,xsec" 2x] + 2 1_2—(4—) n2
- n-1 ) n-—1 n-1 n—l
nl4 n/4
where I = _[dx—z Jsecxdx [1n|secx+tanx|] f=In(2+1).
Thus we get
12=1, 14-—:2‘+2=i, I6=—+_4_i=§
3 3 3 5 53 15

19 Solution

Repeated application of integration by parts, with x" as the second function, removes powers of

x from the integrand stepwise until the integral is known. Let n =2, then

/2 72 /2
= Jx"cosxdx:[x"sinx]o - jsmxnx" Vdx
0
n /2 n
_ 7_7"_ n—-1 /2 _ n-2 _7£ _ _
_(2) +n{[cosxx, ]0 (n-1) _[x cosxdx} (2] n(n-0I,_,,
where
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Ip= I cos xdx = [smx]o

n/2 2
Ixcosxdx [xsm)c]0 —Ismxdx-—+[co ]7t —1.

Thus we get

2 4 2 4

T b/ T
L==-2, I="——122—2|==-—-372+24
27 4 ‘716 (4 ]

6 4 6
=" 30| T _3p2404|=F 104 9002720

64 16 64 8

20 Solution
Integration by parts, with (1— x>)" as the second function, reduces the power of (1— x).

Let n21, then
1
= [x(1-x)"dx = [x (1- ] jx n(1— x)‘l( —3x?)dx = —njx(l 2y Uxdx
0

3 3yn-loq_ 3 3 1 3yn-1 3 3
=—=n{x(1-xY" (1= x")dx+=n[x(1-x*)""dx ===nl, +=nl,_,
2 25 2 2

3 1
~n 1 2
Hence I, =—2—1I, \=——1,| with Ip=[xdc=|%| =1
n 3 n—1 243 n-1 0 2 2
1+—n ton 0 0
Furthermore, for n >0 we have
[ = 3n I = 3n .3n—3 _ 3n 3n 3 3n- 6L—6--§1
" o431 3042 3n-1"% 3n+2 3n—13n-4 8 5°

3"n!
C (3n+2)(3n-1K8-5-2°
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Exercise 5.6

1 Solution

(a)Let x=a—u,then du=-dx,x=0=>w=a,x=a=>u=0, and

a 0 a a
[ fx)dx == fla—w)du= [ fla—u)du=[f(a—x)dx.
-0 a 0 0

(b)
n T : T .

xsinx 7t —x)sin(Tt —x T —x)sinx sin x xsinx
J——= ‘I( SN = I( )2 dx = de—| 7 dx
ol+cos?x 0 1+cos (r—x) o 1+cos®x ol+tcosx ol+cosx
Hence
J. _xsinx 71:]5 sin x
ol1+cos’x 2 y1+cos’ x

Using the substitution u =cosx,sinxdx =—du,x =0=>u=lL x=1= u=-1, we get

2
j _xsinx . —-—j—du nj Lodu=mftan~ ufh =nZ =2
ol+cos’x 2 11+ +u? 4 4
2 Solution
a a
( a) Using the following relations: If(x)dx = If(a —x)dx,
0 0
. (m 2 1+cos2x . o 1-cos2x

sinf ——x [=cos x, cos® x = ———, sin“ x = ———— , we get

2 2 2
."J/.4~1_sin2x_ "J/.41 sm[2 (m/4- x)] ”J/.41—c032x _”j-4 szxdx

1+sin2x o 1+sin[2(n/4- x)] 1+ cos2x o COs’x

Itan xdx = I( —l)dx I dx— jdx [tanx]o =]-—.

cos? x o cos®x 4
a a
(b) Using the relations, [ f(x)dx = [ f(a-x)dx,
0 0
/2 3 /2 3 /2 .3
cos” x cos™(m/2—x sin

I= | 3 -3dx=j 3 : -3) dx:-[-a xsﬁ‘b‘-

o €OS” x+sin” x o €os(m/2—x)+sin"(mw/2—x) o SIn”x+cos’x
Hence
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n/2 3 /2 3 nl/2 3, cin3 n/2

cos” x sin’ x cos’+sin” x T
21-]———dx I—-———-—-dx f 3 _3dx=jldx=—.
0 cos> x +sin’ x 0 sin® x +cos’ x o cos’x+sin’ x 0 2

T

Thus I =—.

4

3 Solution

( a) Using the substitution u =—x, we have I f(x)dx = —I S (—u)du —I f(—~u)du —I f(—x)dx.

-a

Then If(x)dx If(x)dx+ If(x)dx I{f(x)+f(—x)}dx

—a -a
(b)
n/2 x /2 ex ) e—x )
I sin? xdx = I sin“ x + —sin®(—x) pdx
_aal+e 1+¢” l1+e
n/2 X n/2 2 3/2
= I ¢ sin? x+ 1 sin? x bdx = I sin x( +1)dx= Ism xdx—- I(l —cos2x)dx
1+€* e’ +1
T 7:/2 2
=373 co 2xdx————sn2x
21T Hin2a =
4 Solution

( a) Using the relation If(x)dx I{f(x)+ f(—x)}dx, we get

-a

1 l 1 ex l 1
e -;{ ] Ll [ U PO
-1 e 1+e oL€ +1 1+e 0

(b)

J. : = J. ' + N = J. { " + - }dx: J. —2dx
—paltsinx 1+sinx 1+sin(—x) o I+sinx l-sinx o 1—sin“x

n/4
=2 —dx 2[tanx['* =
0 cos®x
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Diagnostic test 5

1 Solution

If f(x)=Inx,then f'(x)= 1 , and the given integral follows the pattern
X .

[ F0)f(x)dx = %fz(x)+c. Hence jln—xdx = %(m x)P+e.
‘ X

2 Solution

If f(x)= 1 ,then f'(x)= "iz , and the given integral follows the pattern
x x

' 1
Ief(x)f’(x)dx =/ 4 ¢ Hence Ie]/x —5dx = —e* +c.
; x

3 Solution

If f(x)=sinx+2,then f ‘(x)=cos x, and the given integral follows the pattern

COsx

dx =1n[2+sinx|+c=1In(2+sinx)+c¢

k4

_[f—l(x)f’(x)dx, = ln|f‘(x)| +c . Hence |

2+sinx

since 2+sinx=>1.

4 Solution

' Iff(x)=x2+1,then f'(x)=2x, and using the pattern jmdx=2,/f(x)+c,
_ X :

Vf(x)

2 , 2
we get ——x——dx=[\/1+x2] =5-1.
o £V1+x2 0

5 Solution
x+1dx=j ad dx+j 1 dx-—-l—ln(x2+9)+ltan—lf-+c
x2+9 xZ+9 x2+9 2 3 3
6 Solution
x+7 a b

= + , a, b, c constants.
-D(x+3) x-1 x+3" 27€
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Then x+7=a(x+3)+b(x-1).
Put x=1: 8=4a=>a=2.
Put x=-3: 4=—4b=b=-

x+7
—————-——dx— -

Hencej(x D13 {x 1 x+3}dx 2]———dx j—dx 2Injx—1|~Injx +3+c

(x 1)?

RZERN
7 Solution

2x2-2x+1 _ a  bx+c

+ a, b, c constants.

(x=2(x2+1) x-2 x*+1
Then 2x%2—2x+1=a(x*+1)+(bx +c)(x-2).
Put x=2 5=5a=a=1.

Equate coefficients of x2: 2=a+b=>b=1.

Equate coefficients of xl: —2=-2b+c=c=0.

Hence

sz2—2x+1 l=j{ I }d:: 1
(x=2)(x2+1) x=2 x%+1 x
=ln(|x—4\/x2+1)+c.

dx =1n|x—2|+-;—1n(x2 +D+c

8 Solution

2 4 4 4 4 4
j 1) j ool = [(P=2x+1/ x)dx = [ xX3dx—2[ xdx+ [~ dx
2 2 2 2%

a7 '
=X —[x2r+[lnx]4=64—4—16+4+ln4-ln2=48+ln2.
4] 2 2

9 Solution

Using the substitution u = Jx ,X= u2, dx =2udu, we have

— = du=2[——du=2 2 Jx)+e.
I(1+x)J_ I(1+u )uu Il+u u=2tan lu+c= tan( )+c
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10 Solution
Using the substitution W2 =x+1, x=u?—1,dx = 2udu , we have
x ut -1 2 v 2,3 2 32
| dx = 2udu=2[(u? - Ddu==1’ —2u+c=S(x+1)"2 -2Jx+1+c.
x+1 u .3 3
11 Solution
0 4 L8
Using the substitution x =sec9, dx = sz do,x=2=0=—,x= J2=0==, we have
cos“0 3 4
n/3 n/3

A= J. cosO . sin 0 de = J' .tanede=[9]5i=n/12.

2
ﬁx\/xz—l 1t/4\/(1/00526)-—1 C0526 vatan®

12 -Solution

Using the substitution

:tanﬁ,cosx—‘l_tz,x 0=1=0, x—£=>t--1 x=2tan" 1t,dx=—2——dt we get
2 1+¢ 2 1+¢2
n/2 1 1
[ ! =[— ! - 22dt=j1dt=1
o 1+cosx 01_'_l—t 1+1¢ 0
1+1£2

.13 Solution

Using the Slletltllthl’l u—-smx du = cos xdx ,
J\/smxcos xdx = j«/smx(l—sm x)cos xdx = IJ—(I—u Ydu = J\qu juS/zdu

2 2 2 . 2 .
=22 2y e =Zsin¥2 x - Zsin"? x4 c.
3 7 3 7

14 Solution

Using the formula 2sin pcosg =sin(p—gq)+sin(p+gq), we get

) . ) 1 1
jsm4xcosxdx =ljsm 3xdx+ljsm S5xdx =——co0s3x——cosS5x +c.
2 2 6 10
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15 Solution
Integration by parts, with x? as the second function, removes powers of x from the integrand
Ixzexdx=e —2Ixexdx—e x —2{xe —Iexdx} x%e —2{xe —e }+c

2

=x“e* -2xe* +2¢* +c.

16 Solution

Integration by parts, with x as the second function, removes powers of x from the integrand

Ixcostdx =lxsin 2x—lfsin 2xdx =lxsin 2x+—l-cos2x+c .
2 2 2 4

17 Solution

7t'x

1
-1 - -1 -1 _ys =2 _ __7_1'-___1_ 2 l —E_l
{tan xdx-[xtan x]o _[x(tan x)'dx 2 —4 2[ln(x +l_)]0—4 2ln2.

ol+x

18 Solution
Let n21, and

I, = j(]n x)'dx = [x(ln x)"]: - j'x((ln x)") dx=e —_e[ an(ln x)"*! ldch =e —nj (Inx)*dx
1 1 1 * 1

=e—n1n_|,
e

where Io=_[ldx=e—l.
’ 1

Hence Iy=e-4l;=e—-4(e-315)= —3e+12(e—21)) =9 -24(e—Iy)=-15¢+24(e-1)
=9e-— '

19 Solution
It is clear that f(x)= x5 sin x is an odd function, since
f(=x)=(-x)%sin(-x) = -x% sinx = f(x). Hence

n/2

_[xG sinxdx=0,
-n/2

because of the fact that
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Tf (x)dx = T{f (x)+ f(—x)}dx =0 if f(x) is odd.
-a 0

20 Solution

Using the substitution u=a~x,du=-dx,x=0=u=a,x=a=>u=0, we get

a 0 a a
[fyde=-[f(a—w)du= [ f(a-u)du= [ f(a—x)dx.
0 . a 0 0

Hence

! ”-/[2 cos x ”-/[2 cos(m/2—x) ™2 sinx

= | ————dx= : —dx= | —————dx
o Cosx+sinx y cos(m/2—x)+sin(m/2-x) o sinx+cosx

since cos(mw/2—-x)=sinx,sin(w/2-x)=cosx. Then

nl/2 nl/2 . nl2 . n/2
COSXx sinx cosx +Sinx T
2= [ ——dxt | ———dx= | ————Tdr= [ldx=Z,
o COsx+sinx o SInx+cosx o COsx+sinx 0 2
o T
Hence I =—.
4
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Further questions 5
1 Solution

Using the pattern If(x)f’(x)dx = -;—fz(x)+ c with f(x)= tan™! x, we have

tan”! x
[—=

dx:l(tan“‘ x)2+ec.
1+x 2

2 Solution
Usingihepattem I —Ll “-a +c with u=x+2,a=1, we get
w—-a® 2a |u+a
I 3 L dx=I 12 I—du—lln -1 =llnx+1+c.
x“+4x+3 (x+2)° - 1 2 url] T2 s

3 Solution

Using the substitution e* +1=u, du=e*dx, we have

'[1+1e_" dx=Ief:-1dx=I%du=ln|u|+c=ln(ex+l)+c.

4 Solution

Using the pattern I—z—l—7du = ltan"I £+c with u=x+2,a=1, we get

u" +a a a
1
J' = J' 3 —I—du—tan u+c=tan_ (x+2)+c
+4x+5 (x+2)"+1 u? +1

5 Solution

Integration by parts leads to a more simple integral

[In(x? = 1)dx = xIn(x? ~ 1)~ [ x(In(x* =1)Ydx = xIn(x* - 1) - j 12xdx

= xIn(x*~1)-2[% 11’1

6 Solution

Il+512nxdx= 12 dx+ szx dx =tan x + +c=tanx+secx+c.
cos” x cos” x Ccos” x cos x
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7 Solution

. 1, . .
_[sin 5xcos3xdx =—;—_[(sin 2x +sin8x)dx =-2-_[sm 2xdx +%_[sm 8xdx = —i—cost——ll6-c058x+c .

8 Solution

du 1 u—a

Using the substitution x —1=u and the pattern _[ +c, we have

w—a* 2a |u+a

1 -

[ ! sdx = [— 1 2dx=—j—-lT—dx=—j 5 du=-L1p[t=2
3+2x—x 4—(x-1) (x-D"—-4 u -4 4

=lln
4

+c

x+1

X —

+c.

9 Solution

Using the substitution e* = u, du= e*dx, we get

1 * ' - -
f——dr =[x =] 21 du = tan "utc=tanle +c.
(]

e*+e +1° U+

10 Solution
Integration by parts leads to a more simple integral

X

fIn(x? + D)dx = xIn(x? +1)~ [ x(In(x? + D)Y'dx = x In(x? +1) - 2xdx

x2+1
2411
x% +1

1

=xIn(x*+1)-2
I x2+l

dx=xIn(x* +1)-2f dx + 2| dx=xIn(x* +1)-2x+2tan x +¢.

11 Solution

sin x cosx

_[(_tanx+cotx)dx-=_[ dx + [ =

dx = —1n|cos xl +Infsinx|+c = lnltan x| +c.
cosx sin x

12 Solution
. o 1 .U
Using the substitution u# =x —1 and the pattern j-————— =sin"'=+¢ with a=2 , we get
/az 2 a

1

I
dx = dx =
I\/4—(x—1)2 I\/4—u2

duzsin‘l£+c=sin_l(——x_])+c.
2 2

I 1
J;+2x—x2
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35

[sin4xsin 2xdx = %_[(cost—cos6x)dx t%j’costdx —%jcoszdx =%sin 2x—T1:2-sin 6x+c.

14 Solution

x? —1+1 1, |x-1 1
sz dx = j = jldx+j——ldx x+—2-ln te=x-—oln—

15 Solution

Using the substitution x = 2sinu, dx =2cosudu, we get

I\/4—x2dx = _H4(] —sin? u)2cosudu = 4_[0052 udu = 2_[(1+cos2u)du =2u+sin2u+c

, 2
. -1 X . .1 X X . 1X X
=2sin 1§+2smucosu+c=23m 1E+x 1—T+c=2sm 15+5 4-x% +c.

16 Solution

Using the substitution ¥ =Inx, du= ldx , we get
x

j—sec (Inx)dx = _[sec udu = _[———du-tanu+c tan(lnx)+c.
cos® u

17 Solution

2
Using the substitution t=tan£,cosx— 2,x=2ta.n t, dx-—z—-dt we have
2 1+1¢ 1412
1 1
| dre=| 5 : 22dt=2_|’—12—dt=ji2dt=—l+c=— ! +c
1-cosx 1-(1-t)/ (1+2°) 141 2t t t tan x/2
=-cot—+c¢c

18 Solution

Make the substitution u = x +1. Hence

2
- x+1 _J~2(x+1) 1dx= 2124 ldu 2_[ 2u dum J- ﬁa’u
x“+2x+2 (x+l) +1 u+1 u +1 u®+1

=In(u’ +1)-tan”" u+c=1In(x>+2x+2)— tan" (x + D +c.
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19 Solution

Make the substitution cosx = u, du = —sin xdx . Then we have

jsin3 xcos® xdx = I(cosz x —1)cos? x(—sin x)dx = I(uz —Duldu= ju4du - qudu

1 5 13 cos’x cos’x
=—U ——W tc= -

50 3 5 3

20 Solution

Integration by parts leads to the following relation

! 2
I=[V16+x2dx=xV16+x - | (\/16+x) x\/16+x2-j%dx
. 16+x

= xV16+x% - jmdx 16+ x2 —I\/x2+16dx+l6j;dx

V16 +x2 \/l6+x2

=x\16+x% —~1+16

dx.

1
I\/l6+x2

Hence

[V16+x*dx = ——xw/l6+x +8j———dx —\/16+x +8In(x +V16+x2) +c.
) w/16+x

21 Solution

sm IX "

Using the pattern jef(‘)f (x)dx =™ + ¢, we get I b= Lo

Vi-x?

22 Solution

3x2—6x+ 1 a bx+c
Let = + , a,b,c constants.

(x=3)x*+1) x-3 x%Z+1

Then 3x% - 6x+1=a(x?*+ 1)+ (bx+c)(x - 3).
Put x=3: 10=10a=a=1.
Equate coefficients of x2: 3=a+b=b=2.

Equate constant terms: l=a-3c=c¢c=0.

Hence
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2

- 2
J- 3x 6J;+1 l _J-{ 1 + 2Jc
(x=3)(x“+1) x—=3 x°+1

= }dx=j:t1?5-dx+2j;;;dx=ln|x—3l+ln(x2+1)+c
=1n(x—3l-(x2+l))+c

23 Solution
Make the substitution x —1= uz, dx = 2udu . Then

1 1+u
——2udu=2 ——d
sz x—1 j(u 2+ 1)%u = j(u +1)? j +1)
—2j—du 2_[———du 2tan” u+j ( )u=2tan' u+ 2u —‘[ 21 du
u+1 +1) u? +1 uw'+l " ut+1

+c=tan" (\/ D+

=2tan u+

> —tan~ u+c—tan u+
u +1 W +1

24 Solution

2x2—x+20 a bx+c
Let = + , a,b,c constants.

(x=2)(x2+9) x-2 x%249

Then 2x% — x +20= a(x? +9) + (bx +c)(x - 2).
Put x=2: 26=13a=>a=2.

Equate coefficients of x2: 2=a+b=>b=0.

Equate constant terms: 20=9a-2c=>c=-1.
Hence

| 2x2—x+20 j{

(x = 2)(x2 +9)

dx=2 dx
x-2 x? +9} ‘[ +‘[x2+9

= 2ln|x—2|—-:l;tan'1§+c.

25 Solution

Make the substitution e* = u, du = e*dx .Then

e 1
IT-=2=dz=‘[7—=?du=sin_lu+c=sin_1(ex)+c.
1-e~* 1-u
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26 Solution
12 _ax+ b cx+d

Let 3 ==+ a, b, c constants.
(x2+4)(x2+16) x*+4 x*+16

?

Then 12 = (ax +b)(x? +16) +(cx +d)(x +4).
Equate coefficients of X1 O=a+c.
. Equate coefficients of xt: 0=b+d.

eqiate coefficients of x': 0=16a+4c.

Equate constant terrhs: 12=16b+4d .
Thus a=c=0, b=1, d=-1, and

12 1 1 1 1
J 2 2 dx:j( 7., .2 )dx:j 2 dx | 2 dx
(x“+4)(x“ +16) x“+4 x“+16 x“+4 x“+16
1 i x) 1 -1 x
=—tan | — |~-—tan | — [+c.
2 2) 4 4
27 Solution ‘
Make the sﬁbstitution cosx = u, du = —sin xdx .Then we have
sin’x - (coszxrl) . u? -1 1 1
_[ 3 dx=_[ > (—smx)dx=_[——2—a’u=_[1du—_[—7du=u+—+c
cos” x cos” x u u u
=Ccosx + +c=coSx+cosecx+c.
CoSX

28 Solution

'Makethesubstitutiont=tanx,x=tan”lt,x=0=>t=0,x=%=>t=1,dx= 12dt.
1+1¢

nl4 ' 1

Then 1 tanxdx:_[l t 1 dr
o l+tanx I+t 1472

Let

1-t 1 a bt+c
. = + a, b, ¢ constant.

1+t 1+¢%2 1+t 241

Then 1—-t=a(t? + 1)+ (bt +c)(t +1).

Put x=-1: 2=2a=a=1.

Equate coefficients of t>: O=a+b=>b=—I.
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Equate constantterms: l=a+c=c=0.
Hence
n/4 1 1
l—tanx
= dt — dt =|In(t + 1)}, ——=!In(z +1}O
e e e A e Er LG L

=ln2—-1—ln2=——ln2.
2 2

29 Solution

ix+L1x=i xﬁ:jx+f———dx [ln(x +1)] [tan x](l) %ln2+§.

30 Solution

It is clear that

/2 w2

I= J'\/1+sm2xdx —J\/l+smxdx le+sinxdx.

Make the substitution sinx=u, x = sin”! u,dx =

du,x=0=>u=0,x=£=>u=l.
1-u? 2

l+u b ]
H = - ‘\“— =2.
ence [ = J.TTJ £7Tjd 2 u]o 2

31 Solution

5x% +4x— 20 _ a bx+c
Let + , a,b,c constants.

(x+2)(x%+4) x+2 x2+4

Then 5x? +4x—20 = a(x>+4)+(bx+c)(x+2).
Put x=-2: —-8=8a=a=-1.

Equate coefficients of x2:5 —a+b=>b=6.

Equate constant terms: -20=4a+2c=>c=-8.
Hence
4 20 2 , 6x- 2 2
J‘5x +4x— _J‘{ X 8%“::_ 1 dx+6J. 2x dx — 8"0
0(x+2)(x +4) 0 x+2 x2+4 0X+2 0X +4 0 X _,_4
2
2
=—[ln(x+2)]3+3[ln(x2+4)]0—-4[tan_1—;-] =-In4+In2+3In8-3In4-x=2In2-m.
0
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32 Solution

- x
Using the substitution ¢ = tan—z—, and

_ 2
sinx=--;2,cosx=1 tz,dxz 22dt,x=0=>t=0,x=£=>t=l,wehave
+1 1+1¢ 1+t 2
-1
/2 1 1_,2 1
- L dx= | 3] t2+4 2t2+5 2 =2f 5 1 ~d
o 3cosx+4sinx+5 ol 1+17 1+t 1+ 42 03-3"+8r+5+5¢
g1 } [ 1 ]‘ 111
02t2+8t+8 0(t+2) t+2), 2 3 6
33 Solution _ .
2 _ ,
Let 3x°—ax _ b + cx+d

(x—2a)(x2+a2)=x—2a x? +a?
Then 3x2—ax—_—‘b(xz+a2)+(cx+d)(x—2a). -
Put x=2a: 10a®=54a’b=>b=2.

Equate coefficients of xt:3=b+c=c=1. Equate constant terms: 0 = ba*-2ad=d=a.

Hence

[ —I{ ’;*“z}dx

o(x— 2a)(x +a ) olx— 2a x*+a

= T 1 I = a 1 5 2.08 _ a
2’([x— adx+£x2+ dx+a£x2+a2 —2[ln|x—2a”0+-2-[ln(x +a )]O+[tan ]x/a]o

| .=—21n2+lln2+£=£—31 2
2 44 2

34 Solution

n

e 1., ) )
Let n be positive integer. Then J'cos nxdx = —[sin nx]” = l(sm Tn— sm%n)
n n

/2
n/2
0,ifn=2m+2,
1 . =& |
=——sin—n=<——, ifn=4m+1,; where m=0,1,2,3,K
n 2 n
|
—,ifn=4m+3,
\ N J
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Since 2cos pcosg=cos(p—q)+cos(p+q),

1
we get Cos mxcosnx = -2—{cos(m— n)x +cos(m+ n)x}.

2r 2r 2r

Hence I = jcosmxcosnxdx=% fcos(m— n)xdx +—;— fcos(m+n)xdsx.
0 0 0
' 1 . 27 1 . n
Let m#n,then ] = —|sin(m— + ————|sin(m+n)x{ " =0.
e, Ten 2(m—n)[ (m=mx; 2(m+n)[ (me ]y

2
Let m=n, then I=12n+—1—[sin2m.x](2)"=7r, since fdx=27r.
2 4m 0

36 Solution

2 2
1 sec” x . . tan” x
Let us show that —— = >— - Since sm2x=———2—,we get
9-8sin“x 9+tan“x l1+tan“x
' -1 -1
1 ~lo_3 tan’ x _ 9+9tan® x —8tan’ x _1+tan2x_ sec’ x
9-8sin’ x 1+tan’®x 1+tan’ x 9+tan’x 9+tan’x’

. . T
Hence, using the substitution u=tanx, du= sec? xdx,x=0=u=0,x=—==u= -\/3 ,

3
/3 /3 2 V3
we have j————dx J sec x j 1[tan'1£] =—1-tan_l(-L
09 8sin’ x o 9+tan’x 3 3l 3
37 Solution
sec? x ) 2 tan? x
Let us show that 77— = >— - Since sin x =—————, we get
9-10sin“x 9—tan“x 1+tan“x
-1 -1
1 —{o_10 tan® x _ 9—tan’x 1+tan x sec’ x
9—-10sin? x 1+tan? x 1+ tan® x 9——tan X 9—tan2x'

. o T
Hence, using the substitution ¥ =tanx, du = sec? xdx,x=0=u=0,x= —3- =u= «/5 .

we have
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/3 seczx ‘/— 1 1. |3+u V3 1, 3+43
2du=— In =—In
o 9—10sin’x —tan’x 09— —ul, 6 3-43
1 (3+J—) 1
=—In———+===5=—In(2++3).
"6 n(2++/3)

.38 Solution
Make the substitution. x = 5sin%0 +cos”> 0 =4sin?0+1. Then dx = 8sinBcosOd0,

x=2=>6=§,x=4=>6=1t—
4 3 . 2 2
5-5
since x = 4sin®0+1. Hence_[ f sin” 6 - cos eSSinecosedﬂ
> 5sin®0 +cos® 01
/3 /3 /3
=8 [ dcos” esmecosede 8 [cos28d0 =4 [(1+cos20)d0
w6 | 4sin” _ /6 /6
) . T3 /3 2
=—1t+4 jcoszed6—§n+2[sm2e] =3™

/6

39 Solution

Using the substitution x = 5sin® 0+ cos® 0 = 4sin*0+1, we get dx = 8sinOcos 640,

x=2=>6=%,x¥3=>6=-},since x=4sin?0+1.

Hence
: I. }. | 1 :ix=nj'4 8sin®cosH 40
220(x=D(-3) 1762,/(55in20+cos? 0 —1)(5—5sin? 0 — cos? 0)
/4 . . n/4
_ J S{necose _ jd@:—n—.
n/62sm92cose /6 2

40 Solution

Let n =0, then integration by parts leads to
Ilnxdx=xlnx—jx(lnx)'dx =xlnx—jdx=x(lnx——l)+c.

Let n=1, then ln—xdx=%ln2x+c.
x

Let n# 0 or 1, then integration by parts leads to
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1 1 1
[ gy = 12X [——nxyar=——22. 1, L1y
x" Pt m—1 n-—1° 4" =l n—1 n-1°x"
Inx 1 1 1 1 1 }
— c= -lnx;+c
n-1 n—1 (n_1)2 xn—l (n—l)x"—l 1-n

41 Solution

( a) Using the substitution u = x% +1, du=2xdx , we get

x> x2+1- 1 1 1
———dx=[———xdx=—[<du- du=——+——
J(x2+1)3dx J( +1) J Ju 2 w2 €

1 1
+ +c
2x2+1)  4(x%+1)2

(b) Using the' substitution x =tan0, we have

3

3
.[( 2x 1)'3dx=JE—t§%—e'i)—3 ec’ 06 = Jtaﬂ O sec?6d0 = [tan®@cos® 640
x*+ tan” 0 +

1 1{ tan2e Y i 22 Y 1{x2+1 12
=Jsin3ecos9d9=—sin49+c=— —ﬂ—-z— +e=—| = 7| te=— f-j—z_‘ +c
4 4\ 1+tan“9O 4{1+x 4\ 1+x

1 1) 11 1 1
=—1- 5| te=——= 57 He
4\ 1+x 4 2 142 4(1+x )

This is in complete agreement with result derived in (a).

42 Solution

sin@

( a) Make the substitution x = asec. Then Vx?—a® =atan 0, anddx=a de.

cos? 0
Hence

J\/xz—azdx=a2'[tan9—sﬂd9— Jl COS i a2J‘+d9—a2J'—l——d9
cos? cos” 6 cos®

= azjsec3 640 — azjsecede.

1 sin x

2n cos? x

Using the recurrence formula [sec®™*! xdx = (l - ZL)'[ sec?™! xdx , we have
n

1 sin9
ZCos 0

1 sin@

1
3 —lnlsecG+tan 9|+c ,
2 cos“0

Jsec 0d0 =

—Jse 0do =

since

[sec6dB =In|secB +tan 6| +c .
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This way, we get

2 : 2
I x? - a? =£l-—-—s—m—e--71n|sece+tan 6|+c—1;-\/x2—a2 —7)n

x +Vx2 —a?

+

( b) Integration by parts yields

I=[Vx?-a*dx=xVx’-a —J'(\Ix -—a) \/x—a—\[___

_x\/x -a —J'x‘/_—i_t_a =xJ;2—a2—JJJc7—a2dx—aszTz__jdx.

2
Hence I=%x\/x -a ——J\/—— =—x\/x2-a2—-az—1n

x+ Jc2—-a2

+c.

43 Solution

/2 . .
Let I, = J i@g—lﬁdﬁ, n2>0. Since sin(2n+1)0—sin(2n—1)0 = 2cos2n6sin 0,
. sin )

we get for n21

- w2 /2
I,~1,.=2 j %@ 2 j c0s2n6d0 = — [s,mzne]"’2
Sin

Hence I, —1,.;=0, and I, = —nfzﬂlgde— forn>1
I A nT0T 0 sing 2 o

44 Solution

. /2
Let I, = J Ecjiz-%1)—ede,n20. Since cos(2n+1)0+cos(2n—1)0 =2cos2nBcosH,
cos

we get for n>1-

/2

_—df=2 JcosZnGdB = ! [sm Zne]
0 n

J 2 cos2n0 cose 2 _

I.+1, =

/2
Hence I, =—~1I,_;, and I, = (=1)"I = (-1)" jde (- 1)

45 Solution

Integration by parts yields for n>1
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I,= ?(a2 - x'z)"dx = [Jc(a2 - xz)”]z - Tx((a2 - xz)") dx = 2nj‘x2(02 - x?y"ldx
0 0 0

a a a
= 2nj (x2 -a*+a? )(a2 - x2)"’ldx = —2n_[ (a2 —x? Ydx + 2na2_[ (a2 - xz)"'ldx
0 0 0

= —2nl, +2na’l,_,

n
a’l,_,n21.

Hence I, =

46 Solution

Letfor n20

ni2 )
= _[sin"xcos xdx .

Then integration by parts yields for n>2

n/2 72 1 nl2 1 nl2
= jsin”xcoszxdx= [cosxsm"’“1 ] ——— [sin"! xd cos x = —— jsin"*zxdx.
0 n+l 0 n+l 0 n+l 0
It is clear that
n/2
lia=—— [sin” xdx for n22.
n-14
1 r/2 1 /2
On the other hand I, = j sin*2 xdx = —— _[ sin” x(1 - cos? x)dx
n+1 0 n+l 0
r/2 n/2 _1 1
=—— [sin" xdx——— {[sin” xcos 2pdx =20 1.
n+l 0 n+l 0 n+l " n+l
Hence
n+2 n-1 n—1
=" -2 I = - ,n22.
Pl p+l MY RT pap 2
Furthermore I, = [sinxcos?xdx==1,=>-~Io== j cos? xdx = jldx+ jcostdx
: 62 64° 8, 16

__1_ r 1 /2| _ T
—16( [sm2x]0 ) R

47 Solution
Repeated application of integration by parts can be used to reduce the power of x- in the

integrand stepwise in the following way:
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) 712
n_. n /2 n-1
I,= |x smxdx=—[cosx-x ]o +n [cosx-x"dx
0 0

72 /2 !
= n[sinx-x"_]] —n(n-1) Isinx-x"'.zdx = n(—) -n(n-1I,_,
0 0 2
for n>2. Hence
n/2 3 3 3 nl2
Iy = jx4sinxdx=4(£) -1212=4(£)‘ -12(25—210)=”——12n+24 [ sin xdx
0 2 2 2 2 ;

3
=T _og+24
2

48 Solution

Repeated application of integration by parts to reduce the power of cos” x in the integrand
stepwise leads to the following:

/2 /2

: ) ' 12
1,= [cos" xdx= [sin x-cos™! x];r +(n-1) -[cos"—2 x -sin® xdx
0 0
n/2 ' m/2 . w2
=(n-1) '[cos"'2 x-(1-cos® x)dx =(n—1) '[cos"~2 xdx —(n—1) [cos” xdx
0 : 0 0
=(n-1I,_, —‘(n—l)In.
Hence for n>2
| -1
n-I=(n-DI,_,=1=""21 .
: n
Furthermore, we get
9 9-7-5-3-1 63
ho=—~1Ig= lp=—=m.
10 10-8-6-4-2 512
Using the substitution 20 = u , we get
/4 0 1 /2 /2 63
-[cosl 20d0 = — jcoslo udu = -[cosl0 udu=IlLg=—-n.
-n/4 2—1t/2 0 512

49 Solution

Make the substitution u=-72£—x, du=-dx,x=0= u=§,x=7t=> u=—£.Then

n . 6 3 C -2 ST n/2 S 7]
| X=— | cos xdx=- | (—u)® cos (—-—u)du: juﬁsin3udu= _[xﬁsin3xdx=0,
0 /2 2 -2 -T2
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since x°sin” x is odd.

50 Solution

a al2
Let us show that | f(x)dx= [{f(x)+ f(a—x)}dx.
0 0

a al2 a
It is easily seen that j( dx = j f(x)dx + j f(x)dx . Make the substitution x = a—u in the
0 0 al2
second integral. Hence
al2 al2 al2 al2

[fode= [ fde- fla—wdu= [ f(x)dx+ | fla—wdu= [{f(x)+ fla=x)}dx.
0 0 2 0 0 0

a 2

Using this relation, we ge't

;4 n/2 /2
jxsin6 xdx= | {xsinﬁ; +(1t—x)sin6(1t—x)}dx= | {xsin6x+1t sin6x—xsin6x}dx
0 0 0

n/2 5 2

) fls

=T jsm6xdx=—,

! 32
since

r/2 /2

n-l o/ . n-
I, = jsm"xdxz—[sm" ‘xcosx]o +(n—1) [sin" 2 x cos? xdx
0 0

/2
=(n-1) [sin"2x(1~vn x)dr=(n-1)I,5~1,),
0
In=n—11n_2f0rn_>_2 :ad I6=%I4=‘5‘§‘—1‘I =E£=in’
n

6 4 2° 48 2 327
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