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Exercise 2.1

1 Solution

C

++/3i 1-2i

2 Solution
(@) zy+z,=3+i
b) z3—2p=1-Ti
©) 72y =2-12i% ~3i+8i=14+5i
d) 22 =4-12i+9% =—-5-12i
o1 - 1.—4i .=1—4i=_1__ii
zz 1+4i (1+4i)1-4i) 1+16 17 17
_1+4i_(1+4i)(2+3i)_(2—12)+(8+3)i=_£+ui

H 2=
7 2-3i (2-3i)(2+3i) 4+9 13 13

@® 22 -2 =(q -2 X1 +22) = (1-7i)3+i) = (3+7)+(-21+1)i=10-20i
0 -2 =(a-)d+az+23)=
= (1-7i){(~5-12i)+ 14+ 5)+ (1+8i-+161%)) =
=(1-7i)-6+i)=(-6+7)+(42+1)i=1+43i
3 Solution
@) z=-3-2i 2Z=(-3+2i}-3-2i)=9+4=13€R

1_ 1 _—3-2i 3 2.
(b)z_—3+2i_ 13 13 13
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4 Solution
Let z; = x; +iy;, 23 =Xy +iyy, X, Yi» X2, Y2 € R. Then
@ 21+ 2 =(x+x)+i(n+y)=(n+x)-in+y)=2+2
®) 7 -22=(x - %)+ iy~ y2)=(x—x3)-i(n-»)=a-%
©) 7123 = (122 = Y y2) +i(}y2 + x231) =

= (322 = My2) = ilxy2 + X 0) =

=42

—_ (q+iy)x-iv)| [ x 4 X
@ z+2= 2, .2 =\l a2t a2, 2l 2, .2
X2+y2 x2+y2 x2+y2 x2+y2

_( xl —i N )[ x2 +i y2 ),:
=l 2. 2 2. 21 2. 2 2. .2
Xty xpty 3 A\xpty, x2ty;) -

(=) tivg) _ x—iy Ttz
2 3 = i K7
x3+y) X2~ 12

(d) Identity (1) = (—1) follows from (e) with z; =1 and z;, =z
Z Z

Identity 5 =57 follows from (c) with z; =5 and z, =z

5 Solution

(a) Using the results in question 4 gives

a(&)z+b'o?+c=(aa2)+ﬁ+6=aa2+ba+c=5=0.

—i Y2 J.:
2, .2
X3 +y;

(b) If & is a non-real number, then Ima # 0. Hence @ # o, since Im(@)=~Ima .

Thus if & is a non-real root of ax? +bx? +c = 0, where a, b, ¢ arereal, then @ is

the other root of this quadratic equation (see (a)).

6 Solution
(@) Inz=2 = z=x+2i and 2> =(x*-4)+i(4x), xeR

22 real = 4x=0 = x=0,
Soz=20.

(b) Rez=2Imz = z=2y+iy and zz—4i=(4y2—y2)+i(4y2—4),)’GR

z2—4i real = 4y2-—4=0 = y==I,
Soz=24ior z=-2—1.

7SD Solutions Series




7 Solution

z2—i+i ]
_1+—_

—Z——. isreal = 1+ is real.
-1 z2—1i ~i I(Z - l)
: —iz+1 , — . MmN i
. —— isreal = — —— is real. Hence iz is real = i(iZ) is imaginary.
iz+1 (iz+1)(-iz +1)

Thus Z is imaginary = z is imaginary.

8 Solution

(a) -25= 252 , -~ —25 has square roots 5i and —5i.
(b) Let (a+ib)’ =—6i, a, beR. Then (a®—b*)+i(2ab)=6i. Equating real and
imaginary parts, a*-b*=0 and 2ab=-6.
a2——92—=0=>a4—9=0

a
(a2—3)(a2 +3)=0, areal = a= \/5, b=-4/3 or a=—~/§, b=\/§. Hence -6i
has square roots ﬁ - iw/g, —«/3 + iw/i )

(c) Let (a+ ib)2 =i, a, beR. Then (a2 - b2)+ i(2ab) = i. Equating real and
imaginary parts, a’>-b?>=0 and 2ab=1.

a2—-—li-=0=>4a4—1=0
4a

1 1 1 1
2a%-1)2a% +1 =0, areal = a=—, b=—= or a=——, b=——_ He
( )( ) a a «/5 a «/— «/Z_ nce

N

1.1 1.1
i has square roots ~=+i~—=, ——p=—i—p=.

1 27 TR
(d) Let (a+ib)’ =—4+3i, a, beR. Then (a” - b%)+i(2ab)=~4+3i. Equating real
and imaginary parts, a2 — b2 =—4 and 2ab=3.

? =2 = 4= 4a* +1642-9=0
4a

3
—=,b=—F or a=-—=, b=——=. Hence
V2 2 V2 N

—4 + 3i has square roots ——1—-f-ii —L—i—:&—
V22T 2 2

() Let (a+ib)’ ==5-12i, a, beR. Then (a*-b%)+i(2ab)=-5-12i. Equating

(2a2 - 1)(2a2 + 9) =0, areal = a=

real and imaginary parts, a’-b?=-5 and 2ab=-12.

2 36

a’-==-5=4"+54a"-36=0
a

(“2 "4)(“2 +9)=°' areal = a=2, b=-3 or a=-2, b=3. Hence ~5~12i has
square roots 2—3; —2+3j,
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9 Solution

“1+if3 1. .43
(a) A=-3=3i%; .. x=_..2l—‘/—=—'-2—iz—‘/5——-
4+iV8 1

b) A=-8=8i%, .. x= =1ti—m

(b) I X ) \/-2-

(c) Find A: 16(1+2i)° +16(3—4i)=0. Hence 4x —4(1+2i)x — (3—4i)=0 has two
equal solutions x = -;— + i

(d) Find A: 4(1+i)’ —40i = -32i.
Find square roots of A: Let (a + ib)2 =-32i, a, beR. Then
(a2 - b2) + i(2ab) = —32i. Equating real and imaginary parts, a’-b?>=0 and

2
ab=-16. a27%=0 = a*
a

(a2—16)(a2+16)=0, areal = a=4, b=-4 or a=-4, b=4. Hence A has

-162=0

square roots +(4-4i).
Use the quadratic formula: ix? — 2(i+ 1)x+10=0 has solutions
2(1+ i) 4(1-1)

x= - , <o x=—1-3i or x=3+1.
2i

10 Solution

(@) b and c arereal, .. 3+2i is the other root of x2+bx+c=0.Hence
c=(3-2i)(3+2i) and —b=(3-2i)+(3+2i). Thus c=9+4=13 and b=—-6.
®) Ima=2 = a=x+2i, xeR. k real = & = x—2i is the other root of
x?+6x+k=0. Hence k = (x+2i)(x—2i) and =6 = (x +2i)+ (x~2i).

. k=x%+4 and -6 =2x. Thus x =—3 and k =13. Hence both roots of the
equation are -3+ 2;.

(c) Let z be the other root of x2—(3+i)x+k=O.Then 3+i=(1-2i)+z.
- z=(3+i)—(1—2i)=2+3i.Hence
k=(1-20)z=(1-2i)2+3i)=(2+6)+i(-4+3)=

=8-1.
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Exercise 2.2

1 Solution

A .
Y z2=3-2i
Z=3+2i
S(2,3) iz =243
3T ¢ 2z=6—4i
Q(3,2) —2iz=—4-61
Do °
1 { I ——
-4 0 2 3 6 X
| 2 :
P(3,-2) :
T o
5 T(6,-4)
. ol
V(_4a_6)

2 Solution

In each case P(a,b) represents the complex number z =a+ib and @ is the principal

argument of z
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@ Z=2+2i
Y A P(2,2) || =4 +4 =22
o2l , T
arg z=—
0 Z
.
O 2 X
Y .
P3| A o] =1+3=2
: o=r-Z=ar z—ﬁr-
. - 3 & 3

-1 O
@ o AY z=-1-43i
0 X lf|=+1+3=2
° 0=-n+Z=ar z——zE
TTrTRT AR 3
...... -3
P(—1,—/3)
(d v A z=2-1
) |zl=\/4+1=\/§
O 2) arg z =—tan_l(1/2)
0 | X
1t
P(2,-1)
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(e)

®

(g

(h)

(1)

s

-3 O ,X
Y A
o P(5,0)
* >
5 X
Ay
o
P(-5,0)
PO 1N
-5 0O X
v A
16 P(0,1)
™
—-
0 X
Y A
-
O
VR
-2T P(0,-2)

Z==3+2i
l=v9+4=413

@=m—tan \(2/3)=>arg z=7—tan '(2/3)

z=5
[4=5
6=0=arg z=0

arg z=7m

Z::i
|2 =

arg =2
2

2=-2i
=2

I
2
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z=ifi+N=—-1+i
0) Ay (+Y)
P(-1,1) ld|=+1+1
""" 1
0 ' 9=7z:-—§:arg z=%r
A,
-1 o) X

3 Solution
Let 7= ~2/3 +2i

PR ld|=Vi2+4 =4
------ ? O—n—ﬁ:ar z—z
" T T

>
Y

z= 4(cos—+ isin -ér—) = 4c1s—

23 0ol X

4 Solution

Let h =|_zl|, r2v=|zz| and 0, =arg z;, 6, =arg z,. Then
z) =ri(cos®, +isin®,), 7 = r(cos(-8;)+isin(-6,)),
2, = 1(cos®, +isin®,), Z, =ry(cos(-0,)+isin(~6,))

@) 22, = riry(cos(8; + 8, )+isin(6; +6,)) =

=7z = rlrz(cos(—-(ls'l +6,))+isin(—(6; + 62))).

But z,-2, = rlrz(cos((—el)+ (-8,))+ isin((-6;)+ (—62))) Therefore, z;z, = ;- 2,

(b) Let r=|¢| and argz =0.Then z = r(cos@ +isin6), Z = r(cos(—0)+isin(-))

and l=—1-(cos(—9)+zsm 6) Thus (—1-) =—(cos@+isin 6) and
z r z) r

L. 1(c059+zsm49) Hence (l)z-—.
z

() r
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N

(c)

z—; = :—;(cos(e, —6,)+isin(6, - 6,)) = (z—;) = f;-(cos(-(el —8,))+isin(~(6) - 6,))).

But @) i-(cos(—el +8,)+isin(-6, +86,)). Therefore, (Z_—') = D :

@) n n) (z)

g
2

5 Solution

Define the statement S(n) |z" =|z|" and arg(z")= nargz, n=12,K Clearly S(1) is

true. If S(k) is true, then lzkl = |z.|‘t and arg(zk ) =kargz. Consider S(k+1).

ZIc+l

=|2 2 =|2*| | =[ef* el i (k) is true.

w2t =l i S(k) is true.

arg(z"“): arg(z* - 2) = arg(2* )+ arg z = kargz +argz, if S(k)is trve.
c.arg(2) = (k+T)arg 2, if S(k) is true.

Hence for all positive integers k, S(k) true implies S(k +1) true. But S(1) is true,

therefore by induction, S(n) is true for all positive integers n.

- |z" =|z|" and arg(:"):nargz for all positive integers n.

6 Solution

@ |o|=4=5|d|=4=64.
arg z; =l3‘-=>arg(zl3)=3-13‘—=n:.

z,3 has modulus 64 and principal argument 7.

1
(b) |z2|=2=:»lg(=%. |
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/4 1Y =«
argz2=—6—::>arg Z ——-6—.

o T
L has modulus —]2- and principal argument s

)
1
=|Z]3|. RS
4)

3
1 z
(c) §1—=zl3-(;—-)=>< 3 2 | 5 s
2 _ 2 arg(z—‘} = arg(zl3 ) + arg(—] =Kg—-—=—.
L 22 22

6 6

=64--1-=32
2

213 - : o Srt
~.=L has modulus 32 and principal argument i
22

7 Soluiion

Let 7y =—/3+i and z, =4+4i. Then

Z ;2[—7\/5+%i)— 2(cos§g—+zsm§6£) |zl|=2, argy =—

z2_4~/—([ J’) 4J—(cos +zsm4)=>|22| 442, argZZ_ZE

(a) (_‘/§+ i)(4+4i) = 2125 But |z125| = |||z = 82 and

St m 13r¢ 137
arg(zlzz)zargzl+argzz=—+—=—— Since — > &, the principal argument of
6 4 12 12
13 1
YR ——n—2 —ﬂ- . Hence
12 12
; ) 117 ) 11z
—\/§+z 4+4i 8J— cos| —n- +isin| ——— =8J§cs _
( Ja-+ai)= 12 12 T2
(b) _\/§+.l=-z—l.But ﬂ=M=—1— and
4+4i z, 2 |22 242
arg A =argz —argz . n_Ix Hence
2 ! 276 4 12°

—\/_+z 1 ( T .. 77r
4+4i ZJ—
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8 Solution

1 \/3 n .. T /4 .
z=2(5+—2—z)=2(cos—é-+zsm§)=>|z|=2, argz=—3—.If z" is real, then

arg(z") =km, k is integral. But arg(z") = narg z. Therefore n Z;— =krm,
k=012 K,

~on=3k, k=0111+2,K

Hence the smallest positive integer n such that z" is real is 3.

|z3| =23=8 and arg(z3) =r,

z3 =~8.

If z" is imaginary, then arg(z") = 12r—+ krm , k is integral. But arg(z") =nargz.

Therefore n- +km, k=012 K,

Wiy
(SR

~.n =%+3k, k=012 K

Hence there is no integral value of n for which z" is imaginary.

9 Solution

(a) |22| = |z|2 =r? and arg(zz) =2argz=20

(b)

1
z

=|l?|=% and arg(%):—argz=—6

(c) i=cos%+isin%=>|i|=1 and argi:%.Then liz|=|]-||=1-r=r and

arg(iz)=arg(i)+argz = 121:— +0.
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10 Solution

1| 1 (1
——=—=— and arg| — |=—argz=-—
zl |4 z

(a) Let z=1++/3i. Then z=2 (—+——IJ Cos—+zsm-7§) |z|=2 and

argz = % Hence

(1+\/_z) =— (cos( §)+zsm( 7;))=§cis(——7§).

(b) Let z=-1+1i.Then z=ﬁ ——1——+—1—) x/i(cos3 +zsm—) lzl
| J2 2 4
and argz=§f.Hence |z18|=|z|18 =29 =512 and .
3r 2in /4

argZ' ) 18argz =18-2 === =14m-—.
' 18 ), .. | T . .
Therefore z =512-(cos(14n’—5)+zsm(147r—5)]=512-(—z)=—5121.
s+ =42, arg(—l-i-i):%r, (-1+i)'* =-512i.

11 Solution

V3

1 T T T
Let z=+3+i.Th =2 —4+=il=2cos=+isin— |=|z{=2, argz=—.Let
v 341, Then 2 (2 21) (cosZ sisn )=, gz

zy=+/3-i.Then zy =% and |¢|=|¢|=2, argz = —argz =—%.Hence
|- <29 1008, i~ 31

5 5
arg(zlo) =10argz = _;r_ = 271.'—%, arg(zllo) =10argz; = _Tﬂ: = —27r+1::— . Therefore

zlo+zllo=1024(cos(—§-)+isin(——73£))+1024(cos§+zsm—3—) 2-1024- cos§—1024

~AB+i= 2qis%, V3-i= 2cis(-%) (Ji + z)lo + (JE— i)lo =1024.

7SD Solutions Series




13

12 Solution

7_4'.. . Then |z|=+49+1=5V2 and
—4i

Let Zl=7—i, zz=3—4i,and Z=3

argzl=—tan'l(-;-), |z2|=\/9+16=5 and argz, =—tan '( ) |z| H V2 and

argz=argz —argz, = tan"(%) - tan"'(%) . Use a well-known formula:

4 ) tan(tan—l %)— tan(tan'l %) i_l
tan{tan'l(g)— tan_l(—)} = =3 1 _ 1. Hence

4 1
1+tan(tan'l %)-tan(tan”'%) 1+§ 7

4 1 -1{ 4 41 x
=1.But —>—. Theref argz=tan |—|—tan | — {e{0,Z]. Thus
tanargz=1. Bu 377 erefore argz (3) (7 ( 2)

. . T
principal value of argument z is e

.. Modulus of 37 _4', is 5, tan{tan'l(g)— tan_l(%)} =1, principal argument of
—4i

7-i . &@
is —.
3-4i 4

13 Solution

a=2«/5(—% _«/__) 2J_(cos +tsm3—:—)

o= Zﬁﬂ , Where 8= 00537”+ isin%r. zZ — oz can be expressed as
72> Bz —)Zﬁﬂz .Let P, Q, Q represent z, Bz, Zﬁﬂz respectively. Then

3n 3n
|Bz|=|B|-|z| =|o| = 0Q, = OP arg(Bz)= 5 rarez= ray 0Q, makes the angle "

with ray OP . Hence § — Bz is arotation anticlockwise about P through %—:E- and

z — oz is the composition of this rotation followed by an enlargement about O by

the factor 2«/5 .
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Y z=3i, |¢j=3 and argz=%

T T

P(0,3) ‘le =3 and arg(Bz)= 94— +

o) =642 and arg(az)= ég

oaz=-6-06i

Q

Q(-6,-6)

14 Solution
2

2
(a) Using the method of completing the square: 2+ px+1=0= (x +£2—) = —l;— -1.
Since -2< p<

2
2, %— _1<0. Therefore there are no real roots of the equation

x*+px+1=0.

(b) Using the quadratic formula:

—1+4f3i
C+x+1=0A=-3=>x= 1_2\/§l=—%:tiz—3—i,
e
x2—ﬁ+1=0=>A=—1=>x=J§2_l=i2—3ii_;_i.
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-
A3 ) AY

b
0]
o
X
DD
B(-1,-8)

1 . . .
(c) Let x; = 1 + ﬁi y Xp =——— —@i are the solutions of the first equation, and

3,1 = ﬁ ——l-i are the solutions of the second equation.
/4 2
=5 g ==L bl =fel =1

arg x; =—7é-, argx, = —%, |x3| =|xq| =1.

2r

Hence ZAOB=2r —(argx; —argx,)= 3
T
ZCOD = argx; —argx, =§-,

ZCOA=argx; —argx; = lzr— .
ZACB = ZACO + £BCO .
But ZACO = %(n ~ZAOC), since AO=0C=1, and

ZBCO = %(n - ZBOC), since BO=0C=1.
/4

Therefore 4ACB=7r——;-(AAOC+ABOC)=n——;-(27r—AAOB)'=%AAO =3
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>

2 T T T
== D=—, ZLCOA=—, ZLACB=—.
LAO 3 ZCO 3 > 3

15 Solution

(a) Using the quadratic formula:
2+i2d2

x2+2x+3=0=>A=—8=>x=—2——21——£=—1:t\/§i.Let x =—1++/2i and

x2=—1—\/§i.Then |x1|=|x2‘=\/1+2 =+/3 and argx, =m—tan"' 2,

argx, = —(n’ —tan™] «/5) .

A-1N) A Y

B(-1,—+/2)

(b) Using the quadratic formula:

-2 iizwf — p?
P 2q P =-p-_h}q—p2i,since

x2+2px+q=0=>A=4p2—4q=>x=

pr<q.

Let x3=——p+i\/q-—p2 and x4=-—p—i\/q—p2 .
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(i) Since ZHOK =2argx;,if p<0,or ZHOK =2x—-2argx;,if p>0,
T T K71
LH0K=E=>argx3=Z when p <0 or argx; =T when p > 0. In each case
q-p°

| | must be equal to 1. Hence ZHOK is aright angle when q—2p2 =0.
p

(ii) A, B, Hand K will be equidistant from O, if |x;| =|x,|=|x3| =|x,|. But

x| = |x,| = v/3 and |x3| =|x4|= g . Hence g =3.
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Exercise 2.3
1 Solution

- -
OA, OB represent z;, z,. OACB is a parallelogram
and ZOC represents z; +2,.

Since |z;|=1 and |z|=1, OA= OB . Hence OACB is

a rhombus. Therefore ZCOB = %AAOB . But
ZAOB =% —argz, and LCOB = arg(z +2,)~a1g 2, -
Thus .

> arg(z +2,)= %(%— arg z2)+ argzy =% +2argz,.

. N —RK_ K _3n
Since argz, =, arg(Zl"'Zz)*T" 8~ 8"

2 Solution
& - o
Y C (a) LetOA, OB represent z;, z,. Construct
- -
I R N the parallelogram OACB. Then OC, BA
A \/Zl ~2 N represent zj +z,, z; — 2, respectively. Since
Tl fata || =|z2|, OA= OB . Hence OACB is a
z T~ R rhombus. Therefore diagonals OC and AB
B -
@ of OACB meet at right angle. Thus BA is
> -
0O X obtained from OC by a rotation
anticlockwise (or clockwise) about O througt

% , followed by an enlargement in O by some

factor k, then by a translation to its position and a diagonal. Hence
. . Qtz
71—z =ki(z + z) (or zy—zp = —ki(z) + z,)). In either case, the number -1 —2
94—

is

imaginary.

7SD Solutions Seri




19

% - -
Y (b) LetOA, OB represent z;, z . Construct the

- -
parallelogram OACB. Then OC, BA represent
2; + 25, z; — Z, respectively. Since

arg(z, — zp) = arg(z) +22)+ 5 BA is obtained from

-

OC by a rotation anticlockwise about O through
—’% , followed by an enlargement in O . Therefore
diagonals OC and AB of the parallelogram
OACB meet at right angle and OACB is a
rhombus. Hence OA = OB and |z,| =|zz|.

3 Solution
C - o
Y A P Let OA, OB represent z;, z; . Construct
e \ - -
- \ the parallelogram OACB.ThenOC, BA
_ - 2~ +2z5 \ represent z; +z,, 2; — z, respectively.
AR~ T4+ —~- - B Since Iz, +22|=|zl —zz|, OC= AB . Hence
OACRB is arectangular. Therefore
4 23 ZAOB=Z%.But ZAOB=argz —argz,
> (or ZAOB = arg z, —arg z;). Thus
O X
arg| & =i£.
¥4 2
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4 Solut_ion

A Q : Let R represent iz. We know that the
YT -~ N : transformation z — iz corresponds to a
Pad \ rotation anticlockwise about O through the
R - \\ angle % in the Argand diagram. Therefore
7 +iz \ OPQP is a square. Hence OPQ is a right-
, P angled triangle.
iz
z
0) X
5 Solution

- -
OP, OQ represent z;, z,.Since OPQ is an equilateral triangle, OP = OQ and

- - -
LPOQ = —g— . Hence OQ is obtained from OP by a rotation anticlockwise (or
clockwise) about O through 3. Therefore z, = 0z} with a=cosZ+isinZ (or
= cosl—2Y+ isin[—Z
o= cos( 3.)+ zsm( 3')).
z’lz +z§ = 212 -(1+0L2). But 1+ a2 = o. Hence 212 +z% =01212 =7 -(az1)=2122.

2 2
7y t22 =212

6 Solution
If zy=0 or z, =0, ||z,|-|22||=|zl +2,|. Let now z; # 0 and z, #0. Then
e~ |22] = |21 + 22 — 22|~ 22| < |21 + 22| + |- 22| ~|22] = |21 + 25| With equality if and only
if g +z=k-(~2z,), k>0.
o |a|~[za| € |21 + 2| with equality if and only if z; =~(1+k)z,, k> 0.
leal=|ai| = |22 + 21 — 21|~ [as| |22 + 21| +|-2i| - [a1] = |2, + | with equality if and only

= |za|=|z)| £ |2y + 25| with equality if and only if z; = _T?:?ZZ’ k>0.

Hence ||z|-|z,] <|z; + z,| with equality if and only if 2 =—kz,,k>0,0r 7, =0, or
= 0. ‘
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7 Solution

|zl + zzl < |le +|zz| =25+6=31 and this greatest value of 31 is attained when z, = kz

for some positive real k. But |z2| =6 and z, = kz; = 6 =25k .

144 42 .

+a51.

Izl + z2| attained the greatest value of 31 when z, = —(24+ 7i)=
|21 + 29| 2|}21| +]22] = 25— 6 =19 and this least value of 19 is attained when z, =—kz,
for some positive real k. But |z2| =6 and z, =—kz; = 6=25k.

|2 + 25| attained the least value of 19 when z, = —-£(24+7i)= -1 + £2;.

8 Solution

We shall use the method of mathematical induction to prove this inequality.

Define the statement S(n} |z + 2p+L +2,| <|g|+|z+L Hz,}, n=23K

Consider S(2) | + 25| <|z|+|25| = S(2) is true.

Let k be a positive integer, k 22 If S(k) is true, then

|z + 2o+L +2,| S g1+ |25]+L +z;|. Consider S(k+1).

|21 + 20+ +2; + 241 S|z + 2241 424 )+ | S + 2L 24+ |24 (triangle
inequality S(2)) |z1|+|22|+L +lz|+ |2kl if S(k) is true. Hence for all positive
integers k (k 22), S(k) true implies S(k +1) true. But S(2) is true, therefore by
induction, S(n) is true for all positive integers n>2.

|z, +2z,+L +z,,| < 'z,l +|22|+L +|z,,| , for all positive integers n>2.
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9 Solution
A AOID = AOBA,
YA
oD oI |z 1
= =
OA OB |g| |z
4| B
D ZDOI = ZAOB = arg z; = arg z; —arg z, . Hence
2 23
|za| = {ﬂll- and argz; =argz —argz,
2
) -
_)
O I( 0 X Sz = %l and OD represents the quotient of z,
2
and z,.
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Exercise 2.4

1 Solution
Let z=1+i.Then z=J—( +i ) J’(cosnnsinf) and
22 4
4 . T

1—-i=7Z=+2| cos——isin— |.

i=7Z w/—( 2 zsm4)

. . i4

. li-z=x/—2-ms(iz).
Using De Moivre’s theorem 720 =210 cis(Sn), (Z)ZO =210 cis(—Sn). Now

2+ =" +(_z—2°_) =2 Re(zzo) =2'" cos(5m) = ~2048 . Hence

(1+i)° +(1-i)”° = —2048.

2 Solution

Let z=—-1++/3i. Then z=2(—%+i2_- ) (cos——+zsm 23") and

—1-3i=z= (cos 3 —isin -23—“) Using De Moivre’s theorem

z —2"(cosz'"‘+zsmﬁ-’£) Now z +(z) —z"+(z_")=2Re(z")=2"+'cos(-2%T£).

Thus (-1 + Jii)" + (—1 - ﬁi) = n+l cos( 2’;") .
If n=3m, (~1+ Jii)" + (—1 - Jii)" =2ntl cos(gm—n—) =+l
3
If n=3m=1, (—1 +J§i)" + (—1 - ﬁi)" =2ntl cos(Zmniz—n) =",
3

7SD Solutions Series

23




24

3 Solution

Yh 2> =1=|¢|=1. Hence 5th
roots of unity have

P modulus 1 and their

1 representations

P, (k=0,1,2,3,4) licon
the unit circle with the
centre in the origin. By De
Moivre’s theorem one root
(zg) has argument zero,
the others being equally
spaced around the unit
circle in the Argand
diagram by an angle 2&

Hence the complex 5th
roots of unity are 1,

. 2 . 4
c1s(i—5’1), c1s(i—5£).
Since
£P,OP,,; =2E and
OF, = OF 1 =1,

' BB =2sin% forany £=0,1,2,3,4 (R:= B,). Therefore the points

E

P, (k =0,1,2, 3,4) form the vertices of a regular pentagon of area

2sin 2% (=5-(arca of AROR)) and perimeter 10sin¥ (=5-ByR).

4 Solution

|—1{ =1 and arg(—1)=n. Hence the complex 5th roots of -1 all have modulus 1 and by
De Mdivre’s theorem one complex 5th root of -1 has argument % , the others being
equally spaced around the unit circle in the Argand diagram by an angle ﬁ‘—.

Therefore the complex Sth roots of -1 are cosZ £ zsmg , cos-3-5£+ zsm ,and -1.

Then z° +1= (z+ 1)(2 - cis%)(z - cis(-%))(z cis 3“)(z c1s(-——)) But
(z - cis%)(z - cis(-ls‘-)) = ((z - cos-’Si) ~isin %)((z cos )+ isin 5) (z - cos%)2 + (sinli‘
=72-22 cosZ+1 and (z c1sis’£)(z ~ cis(-%")) =72-2z cos%’t +1.
L +l= (z + 1)(z2 -2z coslst~+ 1)(22 -2z cos3T“+ 1) .
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5 Solution

By De Moivre’s theorem and z" = cosn6 +isinn8 and

z~" = cos(—nB)+ isin(—n@) = cosn® —isinn®.Then z" +z7"

=2cosnB and
"=z " =2isinnB.

(a) 2cosb=z+ z~'. Then 16cos* 6 = (z + z")4 . But

(z + 2—1)4 =zt +472+6+4724 774 = (24 + 2'4)+4(z2 + z'2)+ 6. Hence
16cos* 8 =2cos40 +4c0s20 +6 and cos* 0 = 1(cos46+2cos 26 +3).

(b) 2isin®@=z—2z"". Then 32i°sin°0 = (z - z_l)s .But

(z —z")s =2’ -523+10z-10z7"

#5273 -270=(2 —z's)—5(23— z‘3)+ 10(2' -z")= 2isin 50 — 10isin 30 + 20isin© .

Hence sin> 6 = -ll6-(sin 56— 5sin30+10sin 6).

6 Solution
The cube roots of unity satisfy 22-1=0.But 2>-1= (z - 1)(22 +z+ 1). Hence

(@) z=1=>z*+z+1=3
) z#1= 22 +7+1=0.

7 Solution

o> =1. Since ® is a non-real root of unity, ? +®+1=0 (it follows from the
factorization @ —1= (0- 1)((02 +O+ 1)).
Let z =(1+3co+c02)2 and z, =(]+co+3c02)2.
Then z;= (1 +@+0 + 2co)2 = (20 (since l+o+e’= 0)
= 4@?

and z, = (l +o+’ +2c02)2 = (2(02)2 (since l+o+e®= O)

=40* = 4 (since ® = l)
Hence z; + 2z, =40? + 40 =4(c02 +co+l)—4= —4 (since ol +o+1 =0) and

22, = 40?40 =160° = 16 (since co3=l).
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8 Solution
: NC T T

=43+i=2|—+—i|=2| cos—+isin— |.
@ z=v3+i ( 2 2! 6 6)
. |g=2 and argz = £.
By De Moivre’s theorem one square root of z_has modulus V2 and argument = .
Hence the two square roots of z are 2 cis>.

- _9i= -1 1= —3%) 4 isin{-3"
(©) 2=-2-2i=2v2(~J5 ~ i) = 8(cos(~2) + sin(~2£)).
lz|=J§ and argz =—3%,

By De Moivre’s theorem cube roots of z have modulus V2 and arguments
-% +—2%"-, k =-1,0,1. Hence the three roots of z are

V2 cis(— %), V2 cis(— 1]]—2“) V2 cis(?—;‘) )
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Exercise 2.5

1 Solution

2 Solution
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Let z=x+iy.Then Z=x-1iy
2_.2,.2

and |z| =x“+y°,

.'.|z|2=z+2+1<:>

x2+y2=2x+1@

(x-1 + y*=2. Hence P

lies on the circle with centre

(1,0) and radius V2.

Let A represent —i and B
represent —1. Then, if P

_)
represents z, AP represents

_)
z+1i and BP represents

—.)
z+1.Hence AP<2 and BP

makes an angle between O
and £ with the positive x-

axis.




3 Solution

Y A X Let A,. B and Q represent 1,
. i, 7 respectively. If
_ le=1=[z-1, then AQ=BQ

and the locus of Q is the

P(3,2) Perpendicular bisector of AB.
‘\\ + Since AB has midpoint (-;--;—)

B
1 \ ) 7 P2, 1) and gradient -1, the locus of
L1 v
x : p / O passes through (5,5) with
s A 1o .
, /\4\ 4 N 45 gradient 1 and has Cartesian
0 1 X  -equation y=x.

Let C represent 2+2i.

If |z — 2~ 24 <1,then CQ=1 and Q lies on or inside the circle with centre (2,2) and
radius 1.

Letnow |z~1|<|z~1 and |z ~2—2i{|<1. Then AQ<BQ and CQ<1. Hence
Q lies on the right-hand side of the perpendicular bisector of AB inside the circle

centre C and radius 1, or @ lies on the boundary of this region. If P describes the

. _
boundary of this region and arg(z—1)=%, then CP=1 and AP makes the angle 2
with the positive x-axis. Thus we must solve simultaneously two Cartesian equations

(x- 2)2 +(y~ 2)2 =1 and y = x—1. Substituting the second equation into the first

gives (x—2)2+(x—3)2=1=>2x2—10x+12=0=>x=2,3=>y=1 (when x =2),

y=2 (when x =3). Therefore such P represents z=2+i and z=3+2i.
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4 Solution

-—’
Y ¢ Let A represent —3. Then AP represents
/ z+3. AP has gradient tan(%): J3 . Hence

the locus of P has Cartesian equation

y= 3x+3/3,x>-3.Now OP= |z| Hence
the minimum value of |z| is the perpendicular
distance from. 0,0) to the locus of P.
" (00)
2

Therefore the minimum value of |z| is

>
WA
© Joxlé,"

> AO-sin%—:-—}\/—g. Since AP has gradient
X 2

tan = J3, OP has gradient

—% = tan(s?n) when |z| takes its least value. Hence modulus of z is i—\z/_z and the

. 5m . -
argument of z is < when |z| is a minimum. Therefore

z =—3J_—3cis(5—n) =ﬂ[-£- il] =%(—3+ iJS).

2 6 2 2 2
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5 Solution .

-
Y A Let A represent 1. Then AP
represents z—1 and AP=1.
z 1 Hence P lies on the circle
Z_
5 26 B(2.0) centre A(1,0) and radius 1.

Let @ =argz and B represent

< |

2. Then ZPOB=6 and
ZPAB = arg(z-1). But

ZPAB =2/POB and

arg( 22) =2arg z . Therefore

arg(z—1)=20=2argz = arg(zz).

6 Solution

Let P(x,y) represent z =x+iy. Then

z—i _ x+i(y—1)~ (x+i(y—1))((x+l)—iy)_

z+1_(x+1)+iy— (x+1)2+y2 -
(x 1 5y =iy =)+ )-0)
()c+1)2+y2 ’

L if 2 s purely imaginary, then
z+1

x(x+1)+ y(y—1)=0. This is the equation of the circle with centre (—%,%) and
ius -
radius 5

7 Solution
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Y A Let P(x,y) represent z =x+iy. Then
1
e—L=x+i —xtiy-2D o
z Y x+1iy x2+y2
1
B ¢ > X ) y .
- x— +il y+ . Hence, if
1 0 X ( x2+y2) ( x2+y2)
x
Re{z—-1)=0, then x— =0.
-1 ( z) x2+y2
w x=0, 1- 21 =0.
x“+y

Therefore the locus of the point P has Cartesian equation x =0(y #0) or

x2+y2=1.

8 Solution
- -
Let A(2,0), B(-2,0) and P represent 2, -2, and z respectively. Then AP and BP
—_
represent z—2 and z+2 respectively, and arg(z — 2) = arg(z +2)+% requires AP to

—_
be parallel to the vector obtained by rotation of BP anticlockwise through the angle

of %
Y #‘ If P lies below the
X
B(-2,0) Y% A2,0) > x-axis, AP must be parallel
N arg(z+2) arg(z—2)

Xz to a clockwise rotation of

3 .3 -2

. 3 Z
z+2 BP . This diagram shows
P

arg(z —2)=arg(z +2)-%.

Hence P must lie above the x-axis.
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Since alternate angles

between parallel lines are
z—2 equal, ZBPA = % as P

traces its locus. Hence P lies

on the major arc AB of a

circle through A and B.

« The centre C of this circle
lies on the perpendicular bisector of

AB, and the chord AB subtends an

angle 2%:27" at C.

-2
'Therefore oC= 5 and

AC =-% . Thus the centre of this
3

9 Solution

YA

circle is C(O,-z—) and the is radius

NE

Let P(x, y) represent z = x+1iy. Then
22 -7 = (-2 +7) = (20y)-(28),

wJe? -2 =4po],

X
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10 Solution

Let P(x,y) represent z = x+iy.Then x +iy = r(cos@+isin8)+1(cos®—isin )=
(r+%)cose+i(r—%)sin6,
SX= (r+%)cose and y= (r—%)sine .

4x2  4y°
5 3 —
a ==2co0s0 and y==sin6. Hence +—=1.
(@) x=5 y=3 s 9

(b) x=(r+%)J—’§- and y=(r——1r-)71§—. Hence x% - y2 =2.

(a) YA; (b) YA
2
5/‘\ — -2 V2
4x? 4y2 _ "%
2579 7! P2oyi=2
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Diagnostic Test 2

1 Solution

(@ () zy+z,=(2+i)+i=2+2
(i) z3+zp=(4+i)+(2+3i)=6+4i
) () z-z=02+i)-i=2
(i) z—z,=(4+i)—(2+3i)=2-2i
© () zz,=(Q+i)i=2i+i* =-1+2i
i) 22y =(4+i)-(2+3i) =843 +12i+2i=5+14i

ﬂ=2+i#(2fi)(—i)_l—2

i
= =1-2i
% i () 1 :

- (@ O

O T Tva (2esi)zo3) | 449 1313

2 Solution

(a) (i) Re(3)=3  (ii) Re(4i)=0 (iii) Re(3+4i)=3
(b) () Im(3)=0 (i) Im(4i)=4 (iii) Im(3+4i)=4
© @) (B)=3 i) (4i)=—4i (i) (3+4i)=3—4i

3 Solution

(x+ip) =3+4i = (x* = y2)+ (2xy)i =3+ 4i

Equating real and imaginary parts: x% - y2 =3 and 2xy =4
oxt —x2y2 =3x? and chy2 =4

Then x*~3x% =4 =0=5 (x2 - 4)(x? +1)=0, x real,

. x=2, y=lorx=-2, y=-1.

7 _ A+ (4+0)(2-3i) (8+3)+(2—12)i=1_1__£i
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4 Solution

242 _ ..

(@ A=—4=4i2=>x=

®) Find A: A=(2-i) +8i=3+4i.
Find square roots of A: Let (a+ib)2 =3+4i, a,beR.
Then a®> —b* =3 and 2ab=4.
a* —a*b? =34 and a’b? =4.
Thus a4—3a2—4=0=>(a2-4)(a2+1)=0, a real,
a=2,b=1lora=-2,b=-1.
Hence A has the square roots 2+i, —2-—i.
Use the quadratic formula: x*+(2—i)x—2i=0

—(2-)%(2+1i)
2

has solutions x =

x=ior x=-2.

5 Solution

(a) z=2-(cosO+isin0)=>|z|=2, argz=0

(b) z=2i=2(cos-’2£+isin-725)=>|z|=2, argz =
© z=1+3i=2 ( +1——) 2(cos +isin )::]zl 2, argz=%

d z=—-3-i= 2(—‘—/2—-3——%i)= 2(cos(—-%’i)+isin(—57“)) =|g=2, argz=-3F.

6 Solution

@) z=-1+i= JE(—:/L;.;.%,) = J2_cis(34£)

(b) z=1—i=~/§(71=; %l) w/_c1s( )
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7 Solution

(a) z=4cis(2E)= 4(-% + z-*/zi) =2+ 23

2

(b) z=2cis(—-’é)=2(ﬁ_i%)=ﬁ_i.

8 Solution

lzll=2 and argz =%, |Zzl=\/5 and argz, =—%_

(@) |2122|=|21|'|22|=2‘/5 and arg(z1;2)=argzl targyy =3 -F=7.

4 |Z1| 2
() K= _ =2 - | )
) ¥4 IZzl \/5
arg| 2L |=ar 7 —argz =E_ _E)_7_1t
9 Solution
z=1+i=\/5-(—\/%+i%)=ﬁcis—},

|Z|=\/5 and argz =%. Then |Z10|=|z|10 = (ﬁ)lo =32,

arg(zlo) =10argz =10-£=3% But &> . The principal argument of z'° is

Sn
2

—2n=§.
10 Solution
Y A (@) z=1+1i

iz Z z+1
. +1 ° ° (b) z=1-i

() iz=i+i*=~1+i
+ + - (d) Z+1=2+i
1 0 1 2 X (e z-2i=1-i
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11 Solution

- -
(i) Let OA, OB represent z;, z,.

1 C
B ————— 3 >
A~ - Then (a) OC represents z; + 2,
~ F4| + ¥4 l
2 ~ I o
~ A (b) BA represents z; — z,
=N >
0 4 2 -
X (i1) (c) AB represents z; — 2.
Y A
sl C
~
-7/
B -~ /
37 ~ 3+
21 = A
g
t —t—
0 1 4 5 X

12 Solution

By De Moivre’s theorem: (cos 8+ isin 6)4 = cos(40) +isin(46) = cis(46).

13 Solution

By De Moivre’s theorem: cos(26)— isin(26)=(cos8 + isin 6)—2 = (cise)_2 .

14 Solution
By De Moivre’s theorem: (cos8 + isin 6)2 = cos(26)+ isin(26). But

(cose +isin 6)2 = cos? 0+ 2icosOsinO + i%sin% 0 = (0032 8 —sin? 6)+ i2sin6co0sH.

Equating real and imaginary parts we obtain cos(29) =cos20—sin’0 and
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sin(29) —2sinB8cosO. Hence

’ o 2 ) sin©
(an(26) = sin(20) _ 2sinBcos® ~ _ cos cosf __2tan®
amesr= cos(26) cos?®—sin’® 2 L sinze) 1-tan’@
cos“ 6 |1-—>
cos“ 6
15 Solution
-Y A z:8(—l—+i—1—)=8cis£,
2ﬁcis(%) £ 4
| |z| =8 and argz=7.ByDe Moivre’s

theorem, one square root of z has modulus

>
0 A X 242 and argument '%- Hence the two square
, ' roots of z are +2/2 cis(Z).
NP cis(%) z ! (8)
16 Solution
Y Let z=x+iy.Then
=1
4 1 (@) Rez=-2=>x=-2,
x==2 ) Imz=1=y=1.
—
-2 Y ,T\ ' 0] X Let P represent z.Then
(x—2)2 -iL(y—l)2 =4

(c) OP= |zt . lz\ =2 = P lies on the circle,

center (0,0) and radius 2.

-
(d) Let A represent 2+i.Then AP

X represents z—(2+i) and

|z-2-{=2=AP=2,

P lies on the circle with the centre

A(2,1) ahd radius 2.
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x YA
4
-1 OC\ -z
3
y=—-x-1
x<0 y=—~3x, x>0
A(0,-1)

ray y=~-x-1, x<0.

17 Solution

Yﬁ i sy=x
/
an
A(2,0)
-—
o X
1,-1)
I\)’=_x
| AN
x=1

7SD Solutions Series

39

—
(e) The gradient of OP is

- tan(—lt-) =—+/3. The locus P is the ray
X

3

y= —\/?Tx, x>0.
(f) Let A represent —i. Then

—
AP represents z+i. AP has gradient

tan(—%}) =—1. Hence the locus of P is the

(a) |z| = |z - 2| is the perpendicular bisector
of OA. argz=1% istheray y=x, x>0.

argz=—% istheray y=-x, x>0.




(b) |z|=1 is the circle,

centre (0,0) and radius 1.

argz =0 is the positive
X-axis. argz =% is the

positive y-axis.
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Further Questions 2

1 Solution
Let z; =3+2i and z; =5+4i.Then

1zp = (3+2i)(5+4i)=(15-8)+i(12+10) = 7+22i,
717, =(3-2i)(5—4i)=(15-8) - i(12+10) = 7-22i.

Hence |zlzz|2 =7%+22% But |zlzz|2 = |21I2 -|22|2 = (32 + 22)(52 + 42) . Therefore

724222 = (32 +22)(52 +42).

2 Solution

=9 a(1-1i) _g-ia_a_a,
14 (@#i1-i) 141 2 2

2, = b b(1-2i) _b-2ib_b 2b.
271420 (1+2)1-2) 1+4 5 S5
Hence z;+2, =(§+§)—l(-;—+%).3llt 21+2,=1and a, b arereal. Equating real
and imaginary parts:
g+-é-=1and £+-2—b—=O.Therefore a=4,b=-5
25 2 5
3 Solution

Substituting x=1+i, (1+i)’ +(a+2i)(1+i)+(5+ib)=0,
. (1-1)+2i+(a-2)+i(a+2)+5+ib=0,
(a+3)+i(a+b+4)=0, a,beR.

Equating real and imaginary parts: a+3=0 and a+b+4=0.
Therefore a=-3, b=-1..
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4 Solution

Let z be the other root of the equation

x2+(1+i)x+k=0.Then z+(1-2i)=—(1+i) and z-(1-2i)= k. Therefore
z=—(1+i)—(1-2i)=~2+i and k =(-2+i)(1-2{)=(-2+2)+i(4+1)=5i. Hence

k = 5i and equation x2+(1+i)x+k=0 hasroots x=1-2{ and x=-2+1i.

5 Solution

Let z;, z, are the roots of the equation x2+ (a +ib)x+3i=0. Then

22 +(a+ib)y +3i=0 and z3 +(a+ib)z, +3i=0.But z7 +z7 = 8. Hence

8+(a+z:b)(zl +2,)+6i=0.But z +2z, =—(a+ib). Therefore 8—(a+ib)’ +6i=0,
(a+ib)2 =8+6i, a,beR.

Thus (a2 ~ bz)fl-(Zab)i = 8 + 6i . Equating real and imaginary parts, a*> - b*> =8 and

2ab=6. a2 =8=a* ~8a?~9=0. (> ~9)(a® +1)=0, a real

a
a=3, b=1or a=-3, b=-1.

6 Solution
Find A: A=4%-4(1-4i)=12+16i.
Find square roots of A: Let (a+ib)2 =12+16i, a,beR.Then
(a2 —b2)+(2ab)i= 12 +16i . Equating real and imaginary parts, a® -b> =12 and
2ab=16. a®~ 2 =125 a* ~ 1242~ 64 =0, (6 ~16)(a* +4)=0, a real.
a
a=4, b=2ora=-4, b=-2.Hence A has square roots 4+2i, —4—2i. Use

. + 2i
the quadratic formula: x% ~4x + (1 - 4i) =0 has the solutions x = f—(di—l) ,

2
xX=—lorx=4+i.
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7 Solution
Y A R
/[
an
l+2;
/ |
24P
31 7=4Q
g
S 22
21— 2% A
0 1

arg(z; — z,) = arg(z + 25) + 5

arg(zy + 22) =

8 Solution

Y A

4|

an
12°

, arg(z; -

23

43

7 =2i= (cos + tsm%)
|u|=2 and argz; = Z.
zp =1 +43i=2 ( +z—) 2(cos%+isin-’35‘),
|zo| =2 and argz, = %.
OP = IZ]I N OQ = Izzl . But IZ]' = IZzI . Hence
OP =0Q and OPRQ is a rhombus. Therefore
ZPOR = ZQOR. Thus

arg(z) +2z,) =1 (argz; +argzp) = 3L Since
diagonals OR and QP of the rhombus OPRQ

meet.at right angle,

If zy—23+23—24=0, then
-
21 — 23 = 24 — 23. But BA represents
-
21— 23, CD represents z, — z3.

- -
Therefore BA and CD are paraliel.
On the other hand, z;—-z4 =2, —23.
- -
But DA represents z;—z4, CB

—_
represents z, —z;. Hence DA and

—_
CB are parallel. So we proved that
ABCD is a parallelogram.
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If z) +iz, —z3—iz4 =0, then

23— 23 =i(z4 — z,) . Hence the
diagonals CA and BD of the
parallelogram ABCD meet at

right angle and CA=BD.
"Therefore ABCD is a square.

9 Solution

z z 11

is real. Since

. 2 —

Noting r“ =2z , = = = . Hence
22+r> 722+477 z+Z 2Rez 2% +r?

Rez=rcos0, =

1
224712 2rcos®

10 Solution
The cube roots of unity satisfy ¥ -1=0.But *-1= (x - 1)(x2 +x+ 1) . Hence

©#1= 0" +@+1=0. Clearly, ©®=1. Therefore (1+ mZ)lz =(-0)?= (m3)4 =1,

Then 0)4—0)3 W=0,
0 =0 0 =?,
co7=co‘5 ‘W=,

8- 6 ,.2 2

o (-0t -}

(1 co)l—coz))3 (l—co © +a)3)3=(2—co—m2)3=

( (l+m+m2)) =3=27.
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11 Solution

The cube roots of unity satisfy 23 —1=0. Therefore, if z is a common root of the
equations z23—1=0 and pz’ +gz+r=0,then z is one of the cube roots. Thus
if z=1,then p+g+2=0;

if z=wm, then pm5+qco+r=0;

if z=0?, then po'®+q0?+r=0.

Hence (p+q+r)(pc05 +q0)+r)(pcol° +q0> +r)=0.

12 Solution

z9—1=(z3 —1)(26 +z3+1).Therefore, if 28+2>+1=0,then z°—1=0. Hence the
roots of z8 +2z> +1=0 are among the roots of z°-1=0.Let z=cosB+isin® satisfy
z° =1. Using De Moivre’s theorem, cos(98)+ isin(98) =1+ 0i

cos(98)=1 and sin(96)=0

90 =2nk, k integral.

0=2Ek, k integral.
Taking 6 = 2—;‘-k , k= O, LK ,8 gives 9 distinct numbers z with argument 2—;‘—k .
If 2%+2z3+1=0,then z° =1 but z* 1. Hence the roots of z6+z°+1=0 are
cos(ZLk)+isin(Zk), k=1,2,4,5,7,8

2%+ 23 +1=0 has the roots cis(iz—;‘) , cis(i'ig’i) , cis(:t%).
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13 Solution
- Y A Izl= 6 is the circle,

center (0, 0) and radius
6. |z~5=5 is the
circle, center (5,0) and

the radius 5. Since y-
axis is a tangent line to

the circle |z~ 5 =5 at
point (0,0), if |z|< 6
and lz - 5| <5, then

x2+y* =36

s
2

- —%<argz<
-‘ Let z=x+iy. Then
| l|=6=>x*+y* =36,

and
z—5=5= x—52+ 2.9
|2-5] (x—5)"+

. Hence, if z such that both lz| =6 and |z —5] =5, then both x2+ y2 =36 and
x2+y2—10x+25=25.Therefore 10x=36. '

S X =—.
5
y=1 36—(%)2=-2§i.

Hence the values of z for which both |z| =6 and lz - 5] =5 are %i iz—;.

14 Solution

YA >
: P (a) Let A represent 2. Then AP
: A represents z —2, and

// \\ 2| =|z—2|=> OP = AP. The locus of P
/ \ is the perpendicular bisector of OA.
8 zZ/ \Z2—2 Therefore the locus of P has Cartesian
é / \ equation x =1.
‘ / N\
/

? Ll 1 \ \ S
; 0 A(2,0) X
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- -
(b) Let A(2,0), B(-2,0) represent 2, —2 respectively. Then AP and BP represent

-
z—2 and z+2 respectively. arg(z —2)=arg(z +2)+% requires AP to be parallel to

-
the vector obtained by rotation of BP anticlockwise through an angle of -’zi

Y A

B(-2,0) 0 A2,00 X
>
arg(z +2)
/ = arg(z_z)
/2 b1 -
z+2 2 z-2
P
Y A
P
z—2
arg(z—2)
A(2,0) x

If P lies below the x-axis, AP
must be parallel to a clockwise
rotation of BP . This diagram
shows

arg(z —-2)=arg(z +2)-%.

Hence P must lie above the x-
axis.

Since alternate angles between
parallel lines are equal,

ZBPA =§ as P traces its locus.

Hence P lies on the upper arc
AB of acircle through A and

The centre of this circle is
the centre of diameter

AB . Hence the locus of
P has equation

x2+y2=4, y>0,or

y= 4-x? .

B(-2,0)

Let z=x+iy satisfies both |¢|=|z~2| and arg(z-2)=arg(z + 2)+Z2.Then x=1

and y=s/4—]=s/§.Hence z=1+i3.
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